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Linear Programming
nonnegative orthant: R’

linear program:

Imax C X

polyhedra: feasible regions of linear programs
(slices of positive orthants by affine spaces)




Polygons

What is the most efficient linear representation of an octagon?




Polygons

An octagon is the projection of a polytope with 6 facets!




Polygons

An octagon is the projection of a polytope with 6 facets.

Now extended to all regular n-gons, need about

2|log, n| facets



Polyhedral Lifts of Polytopes

affine slice of

lift of P R
l .
P polytope



Polyhedral Lifts of Polytopes

affine slice of

lift of P R
l .
P polytope

Can optimize a linear
function over the lift
instead of over P
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Permutahedron

II,, = conv(permutations of (1,2,...,n)) n! vertices
2" — 2 facets

[2314] [1423]
[1432]

[2341]

Goemans (2015):

o o I1,, has a O(nlog n)-lift

[4321]

Birkhoff polytope
ZXZ:L\V/ZE[TL], o

B, =<{ X eR"" : Zj Xq;j- =1, V j € [n], Hn — 71-(Bn)
Xij20V1I<i,gj<n O(n2)—llft

doubly stochastic matrices



Honeycomb lift of the Horn cone

Horn(n) := {(\, u,v) € (R™)
4A, B Hermitian n X n with
A =eig(A), p=eig(B),

v =ceig(—(A+ B))}

Knutson-Tao (1999)

O(n?)-lift

® allows a polynomial time check whether a triple is a Horn triple
® connections to representation theory of GL(n)



Resolution of Singularities
Hironaka (1964)

X ——

|

/
RS |
\\'::t«\

X ={(1+ 2cos(t) — 2sin(t)*, 2sin(t) — 2sin(¢) cos(t)) : t € [0,2n]}

Y = {(1 +2cos(t) — 2sin(t)?, 2sin(t) — 2sin(t) cos(t),sin(3t)) : t € [0,27]}



Conic Lifts of Convex Sets

affine slice of a

lift of C closed convex cone
K
.
l C=n(KNL)

C convex set



Semidefinite Programming

psd cone: S) = {n x n psd matrices}
semidefinite program: L '
max C-X

Ai'X:bz‘ i:1,...,m
X =0



Semidefinite Programming
psd cone: S = {n xn psd matrices}

semidefinite program:

max C-X
X =0

spectrahedra: feasible regions of semidefinite programs
(slices of the psd cone by affine spaces)




Spectrahedral Lifts of Convex Sets

K-lift of C
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S C |n]| is stable if
Vi,7€08, 15¢F



G = (|n], F) * S C |n] is stable if
.>. Vi,gesS, ijé& b

Stable set problem: | max {|S] : S stable set in G}
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S < x° where (x°); =<




G = (|n], F) * S C |n] is stable if
.>. Vi,gesS, ijé& b

Stable set problem:

S < x° where (x°); =<

max {|S| : S stable set in G}

(1ifie s
C0ifigS

25’7 Cxi=uxz; Vi€ |[n]
L xa:']—() Vij e E
= max {sz . x € conv{yx” : S stable }}

STAB(G)



Lovasz theta body of a graph

TH(G)

Lovasz ('79): TH(G) = «
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Lovasz theta body of a graph

TH(G)

(

T N
Lovasz ('79): TH(G) =<x € R" : AU s.t. (i ZCU> >~ 0

Uiy = x; \V/’i, Uij IO\V/’L] ek

\\ /

Geometry: TH(G) is the projection of a spectrahedron




Lovasz theta body of a
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Geometry: TH(G) is the projection of a spectrahedron

Complexity: Can optimize over TH(G) in polynomial time
using semidefinite programming




Lovasz theta body of a

TH(G)

graph

(

Lovasz ('79): TH(G) = «

\\

r e R" : AU s.t. (

1 =x

L
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)0

Uiy = x; \V/i, U,L'j ZO\V/Zj ek

\

/

Geometry: TH(G) is the projection of a spectrahedron

Complexity: Can optimize over TH(G) in polynomial time
using semidefinite programming

Exactness: STAB(G) = TH(G) < G perfect graph




Ranestad-Sturmfels (2010)
C' = conv(cos(#),sin(20), cos(30))

boundary consists of
® / triangles
® ¢ cubic surface
® surface of degree |6 (green)




Ranestad-Sturmfels (2010)
C' = conv(cos(#),sin(20), cos(30))

boundary consists of
® / triangles
® ¢ cubic surface
® surface of degree |6 (green)

102416 — 1203221492 + 52240x12y* — 969601040 + 561602348 + 19008z6y10 + 12962%y12 4 61442152 — 14080z 13y2 2
—72000z 1 y4 2 + 149440z°y0 2 + 79680z " 48z + 7488x5y102 + 1536021422 + 36352129222 4 1513922109422 + 13126428622
+18016x8yB22 + 20480213 23 + 7321611 y%23 + 1056642 y%23 + 23104z 4023 + 1536021222 + 41216210y 2% + 1665628 y* 24
+6144211 25 + 6400x9y225 + 102421026 — 26048z14 — 135688x12y2 + 178752210y4 4 12473628y% — 21036828y8 + 792x4y10
+5184x2yl2 + 432y — 778882132 4 292400z 1y z + 10688z y*z — 492608z " yb 2z — 6768025 y® 2 + 2145623 y10z + 25922y 122
—8160021222 — 659122109222 — 46425628y*22 — 192832254622 + 31488x%y822 + 655222y1022 — 40768z 23 — 1944002%y2 23

—196224z7y4 23 4 14912259523 + 8992x3y823 — 208001024 — 8408828y22% — 7360x6y%2% + 7168z4y024 — 12480x° 2°

—9680x " y22° + 3264x5y*2° — 26242826 + 76026y228 + 642727 + 189649z12 + 104700z10y2 — 5682668 y* + 26882025y0

+118497z4y8 — 42984x2y10 — 432y12 4 62344zl 2z — 592996x°%y2z + 421980z y42z + 377780x5yb 2z — 79748x3y8 2 — 18288xy102
64222 — 12440249822 — 5135422yB22 — 936y1022 + 350962° 23 + 1811322 y2 23

41046201022 4 5687628y2 22 + 48089028y* 2
+73800z° y* 22 — 52792239023 — 3780xy® 22 — 673028 2% + 525962°y% 2% — 19062z*y* 2* — 5884220 2% + yB2* + 600827 2°
yA

Z

+2516x°y22° — 432423 y*2° 4 4xyb25 + 23802626 — 1436249220 + 622y*28 — 1522527 4 4x3y?27 + 2428 — 305250210
+31302028y2 + 174078xz8y* — 291720x%y® + 748802248 + 844002°z + 2786762 y2z — 420468x°y*z + 20576x3y% 2z + 40704zy8 2

—258802822 — 765162%y2% 22 — 148254x%y* 22 + 7784022022 + 5248y822 — 2980827 23 — 49388x°y2 23 + 23080x3y*23
+14560xy0 23 4 1442020 2% — 7852x%y2 2% + 99542 y% 2% 4 568yS 2% + 8482525 4 92x3y225 + 1164xy?2° — 9841428 + 724224226

—2y%26 4+ 1122327 — 4ay?2" — 22228 + 14062528 — 27000028y? + 172800z%y* — 36864x2y® — 7500027 z 4+ 3600025 y2 2
+46080z3y*z — 245762y% 2z — 125002 22 + 49200z4y? 22 — 1996822y*22 — 4096y° 22 + 150005 z3 — 105603 y2 23
—3072zy% 23 — 2250424 — 187222y 2% 4 768y*2* — 5202325 + 672xy? 25 + 2042220 — 48y226 — 24227 4 28.



Ranestad-Sturmfels (2010)

C' = conv(cos(0), sin(260), cos(30))

boundary consists of
® / triangles
® ¢ cubic surface

® surface of degree |6 (green)

C is the linear image of a spectrahedron

{(a:,y,z) cR® | Ju,v,weR :

1
T — Ul
vV — Yl
zZ — Wi

T + ut
1
T — Ul
vV — Yl

v+ Yyt

T + ut
1

T — Ut

zZ + w1

v_

_yz

x_

)
1

Y



Polyhedral lifts of polytopes

Given P CR" K =R
bolytope
when is P=n(KNL)?

T linearmap L affine space




Polyhedral lifts of polytopes

Given P CR" K =R
bolytope
when is P=n(KNL)?

T linear map L dffine space

dj —ijCC >0

P={xeR" : Fx <d}

Sp=1--- dj—ijw o | v

v vertices  f facets

v X f
slack matrix of P



dj —ijx Z O

P={xeR" : Fx <d}

Sp=1--- dj—ijUz' o | v

v vertices  f facets

v X f
slack matrix of P

/001221\
1 0 01 2 2
21 0 0 1 2
22 1 0 0 1
1 2 2 1 0 0
\012210/




Yannakakis’ Theorem
. ™m
K =R"

i7at] K*={y: (yz)>0VzeK
K-factorization of Sp W (Y 2) z € K}

a1,...,0, € K

bi,...,bp € K RT—factorization

s.t. {a;,b;) =d; — ij?Jz' nonnegative factorization

Yannakakis (1991):

P has a RI"-lift < Sp has a R"-factorization
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Lifts of convex sets Gouveia-Parrilo-T. (201 )

Given C c R K cR™

convex set CONVEX CONeE

when 1is C=n(KNL)?

T linearmap L affine space ~

Theorem GPT (201 1):

C' has a K-lift & S¢o has a K-factorization.

generalizes Yannakakis theorem



Spectrahedral Lift of a Square

Sy W v

8 R

— —
— O O

— — O O

o — — O

o
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C°={y : (z,y) <1Vzxel}



/—\1

2 — 352

N
/

2 — 52 +



(1—t2,2t—t3) /w /\\ (23;23j_284’2_328+ o4
DR \\j _‘l / s € [—V2,V2]
A \_/_1
s [—fz, @} x [—\/5, ﬂ} LR,
_ 22 _ 42 _ 43
sc(s.t) = 1 (2 —3s%)(1 —t2) + 2s(2t — t°))

2 — g2 4 g4
(2 —t2)(t — )% + (5% — t%)?

s* 4+ (2 — s?)

)






Sc is K-factorizable if 4 A : ext(C) — K, B : ext(C°) — K~ s.t.
Sc(z,y) =1—(z,y) = (A(z), B(y))




Constructions for Spectrahedral Lifts

C = conv(X) has S"-lift & 3 subspace V' of functions on X
dim(V) < m s.t. Vi(z) <1 valid on C

-

S -lift

1 —I(z)|x :Zhi for hy € V

X ={(xL£1)} = {(z,y) : 2" = 1,9’

C = conv(X) = [-1,1]?

V =span(1,x,y)

1
1—x:§(1—x)ZV:€€X



If X algebraic, natural choice for V' is all polynomial functions on X of

degree at most d

Limitations:

Heirarchies:

—0.2}

—0.4 1

0.4
0.2}

0.0]

vvvvvvvvvvvvvvvvvvvvvvvvvvv

piriform curve

y’ —x° +2* =0

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

-02 00 02 04 06 08 10 1.2

conv(Vr(1)) = [—1,1]



Obstructions & Lower Bounds
polyhedral lifts)

If Qis alift of P the face lattice of P
embeds into the face lattice of ()

PN R
LA

)
" 8

X

o

Goemans (2015)

P polytope, v vertices

= a R-lift needs m > [logwv

| O(nlog n)-lift of II,, is optimal



Famous Lower Bounds (polyhedral lifts)

Yannakakis (1991) symmetric nonnegative rank of the matching
polytope of Ko, is exponential in n

Kaibel-Pashkovich-Theis (2012) example of a polytope with
exponential gap between sizes of symmetric and non-symmetric

polyhedral-lift

Fiorini et al(2015) traveling salesman polytopes need
exponential size polyhedral lifts

Rothvoss (201 3) polyhedral lift of matching polytope of Koy, is
exponential in n



Obstructions & Lower Bounds
(spectrahedral lifts)

C' has a K-lift = length of maximal chain of faces of C
< length of maximal chain of faces of K

T
\ does not have Si—lift

does not have a smooth cone lift

—

P polytope, dim(P) = n has SV"-lift = m >n +1

further obstructions based on neighborliness, facial structure,
algebraic properties etc



psd-minimal polytopes

Which n-dimensional polytopes have S":;H—lifts?

Gouveia-Robinson-T. (20 | 3)

\-
\«
N
d=3:
— \
[ ]

Theorem: STAB(G) is psd-minimal < G is perfect

Gouveia-Pashkovich-Robinson-T. (2017)

d=4: 3| combinatorial classes



Open Questions

Is there a family of polytopes with a significant gap between the
size of the smallest polyhedral and spectrahedral lifts?

Not much is known about obstructions to lifts for general convex
sets.

How does one find subspaces V of functions that guarantee
small spectrahedral lifts?

It is known that all convex semi algebraic sets in the plane have
spectrahedral lifts (Scheiderer). How small?

Scheiderer also proved that not all convex semi algebraic sets
have spectrahedral lifts.
® What is the smallest example?
® s there one in dim 37
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