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Linear Programming 

nonnegative orthant:

linear program:

max c

>
x

Ax = b

x � 0

<latexit sha1_base64="z5lOyn+IfRVO3IpL+J8Ahifi4L4="></latexit>

Rm
+

<latexit sha1_base64="iDJ2DrySETUIOhepEIkNpe8T1Fo=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIsgCGVqxceu6MZlFfuAdloyaaYNzWSGJKOUof/hxoUibv0Xd/6Nmekgaj0QOJxzL/fkuCFnStv2p5VbWFxaXsmvFtbWNza3its7TRVEktAGCXgg2y5WlDNBG5ppTtuhpNh3OW2546vEb91TqVgg7vQkpI6Ph4J5jGBtpF7Xx3rkuvHttOf3j/rFkl22U6B5UslICTLU+8WP7iAgkU+FJhwr1anYoXZiLDUjnE4L3UjREJMxHtKOoQL7VDlxmnqKDowyQF4gzRMaperPjRj7Sk1810wmKdVfLxH/8zqR9s6dmIkw0lSQ2SEv4kgHKKkADZikRPOJIZhIZrIiMsISE22KKqQlXCQ4/f7yPGkelyvVcvXmpFS7zOrIwx7swyFU4AxqcA11aAABCY/wDC/Wg/VkvVpvs9Gcle3swi9Y71+Br5Km</latexit>
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<latexit sha1_base64="z5lOyn+IfRVO3IpL+J8Ahifi4L4="></latexit>
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+

<latexit sha1_base64="iDJ2DrySETUIOhepEIkNpe8T1Fo=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIsgCGVqxceu6MZlFfuAdloyaaYNzWSGJKOUof/hxoUibv0Xd/6Nmekgaj0QOJxzL/fkuCFnStv2p5VbWFxaXsmvFtbWNza3its7TRVEktAGCXgg2y5WlDNBG5ppTtuhpNh3OW2546vEb91TqVgg7vQkpI6Ph4J5jGBtpF7Xx3rkuvHttOf3j/rFkl22U6B5UslICTLU+8WP7iAgkU+FJhwr1anYoXZiLDUjnE4L3UjREJMxHtKOoQL7VDlxmnqKDowyQF4gzRMaperPjRj7Sk1810wmKdVfLxH/8zqR9s6dmIkw0lSQ2SEv4kgHKKkADZikRPOJIZhIZrIiMsISE22KKqQlXCQ4/f7yPGkelyvVcvXmpFS7zOrIwx7swyFU4AxqcA11aAABCY/wDC/Wg/VkvVpvs9Gcle3swi9Y71+Br5Km</latexit>



Linear Programming 

nonnegative orthant:

linear program:

polyhedra:  feasible regions of linear programs
(slices of positive orthants by affine spaces)

max c

>
x

Ax = b

x � 0

<latexit sha1_base64="z5lOyn+IfRVO3IpL+J8Ahifi4L4="></latexit>

Rm
+

<latexit sha1_base64="iDJ2DrySETUIOhepEIkNpe8T1Fo=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIsgCGVqxceu6MZlFfuAdloyaaYNzWSGJKOUof/hxoUibv0Xd/6Nmekgaj0QOJxzL/fkuCFnStv2p5VbWFxaXsmvFtbWNza3its7TRVEktAGCXgg2y5WlDNBG5ppTtuhpNh3OW2546vEb91TqVgg7vQkpI6Ph4J5jGBtpF7Xx3rkuvHttOf3j/rFkl22U6B5UslICTLU+8WP7iAgkU+FJhwr1anYoXZiLDUjnE4L3UjREJMxHtKOoQL7VDlxmnqKDowyQF4gzRMaperPjRj7Sk1810wmKdVfLxH/8zqR9s6dmIkw0lSQ2SEv4kgHKKkADZikRPOJIZhIZrIiMsISE22KKqQlXCQ4/f7yPGkelyvVcvXmpFS7zOrIwx7swyFU4AxqcA11aAABCY/wDC/Wg/VkvVpvs9Gcle3swi9Y71+Br5Km</latexit>



Polygons

What is the most efficient linear representation of an octagon? 



Polygons

An octagon is the projection of a polytope with 6 facets!



Polygons

An octagon is the projection of a polytope with 6 facets.

Now extended to all regular n-gons, need about 

2dlog2 ne facets

<latexit sha1_base64="IT9Eqiiiul+0GoKtIch0MMiw43E=">AAACEnicbVDLSgMxFM34rPU16tJNsAi6KTNV0GXRjcsK9gFtKZn0ThuayQzJHbEM/QY3/oobF4q4deXOvzF9LLT1QMjJOfdyc0+QSGHQ876dpeWV1bX13EZ+c2t7Z9fd26+ZONUcqjyWsW4EzIAUCqooUEIj0cCiQEI9GFyP/fo9aCNidYfDBNoR6ykRCs7QSh33tERbkoOQ9op7nRJVtKWnb4QHTJOMhowDmlHHLXhFbwK6SPwZKZAZKh33q9WNeRqBQi6ZMU3fS7CdMY2CSxjlW6mBhPEB60HTUsUiMO1sstKIHlulS8NY26OQTtTfHRmLjBlGga2MGPbNvDcW//OaKYaX7UyoJEVQfDooTCXFmI7zoV2hgaMcWsK4FvavlPeZZhxtinkbgj+/8iKplYr+WbF0e14oX83iyJFDckROiE8uSJnckAqpEk4eyTN5JW/Ok/PivDsf09IlZ9ZzQP7A+fwBBn6dHA==</latexit>

Ben-Tal Nemirovski  (2001):
A regular 2

n
-gon is the

<latexit sha1_base64="lSMlffB0WCytSuRfnn9rBk/3dzw=">AAACF3icbVDLSgNBEJyNrxhfUY9eBoPgxbAbBT1GvXiMYB6QxDA76SRDZmeXmV4xLPkLL/6KFw+KeNWbf+PkIWhiQUNR1U13lx9JYdB1v5zUwuLS8kp6NbO2vrG5ld3eqZgw1hzKPJShrvnMgBQKyihQQi3SwAJfQtXvX4786h1oI0J1g4MImgHrKtERnKGVWtl8A+Ee4yg5pxq6sWSaDmnhVv3IR91QUWEo9sAamVY25+bdMeg88aYkR6YotbKfjXbI4wAUcsmMqXtuhM2EaRRcwjDTiA1EjPdZF+qWKhaAaSbjv4b0wCpt2gm1LYV0rP6eSFhgzCDwbWfAsGdmvZH4n1ePsXPWTISKYgTFJ4s6saQY0lFItC00cJQDSxjXwt5KeY9pxtFGOQrBm315nlQKee84X7g+yRUvpnGkyR7ZJ4fEI6ekSK5IiZQJJw/kibyQV+fReXbenPdJa8qZzuySP3A+vgH4vJ8g</latexit>

projection of a polytope with 2n+ 4 facets

<latexit sha1_base64="NcxQdzzn/0RtSBEahIHZui+k8TI="></latexit>



Polyhedral Lifts of Polytopes

lift of P

⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit>

P

affine slice of
 Rm
+

<latexit sha1_base64="PkvoZMr+hTQb3H43IMyIKmH5hMs=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCIJQZKz52RTcuq9gHtOOQSTNtaJIZkoxQh36JGxeKuPVT3Pk3ZtpB1HogcDjnXu7JCWJGlXacT6uwsLi0vFJcLa2tb2yW7a3tlooSiUkTRyySnQApwqggTU01I51YEsQDRtrB6DLz2/dEKhqJWz2OicfRQNCQYqSN5NvlHkd6GATpzeSO+4cl3644VWcKOE/cnFRAjoZvf/T6EU44ERozpFTXdWLtpUhqihmZlHqJIjHCIzQgXUMF4kR56TT4BO4bpQ/DSJonNJyqPzdSxJUa88BMZjHVXy8T//O6iQ7PvJSKONFE4NmhMGFQRzBrAfapJFizsSEIS2qyQjxEEmFtupqVcJ7h5PvL86R1VHVr1dr1caV+kddRBLtgDxwAF5yCOrgCDdAEGCTgETyDF+vBerJerbfZaMHKd3bAL1jvXzMCkus=</latexit>

polytope 

P = ⇡(Rm
+ \ L)

<latexit sha1_base64="1kVs2GdwJoaGPKXZSahCcs9q+tk=">AAACCHicbVDLSsNAFJ34rPUVdenCwSJUhJJY8bEQim5cuKhiH9DEMplO2qGTSZiZCCV06cZfceNCEbd+gjv/xkkbRK0HLhzOuZd77/EiRqWyrE9janpmdm4+t5BfXFpeWTXX1usyjAUmNRyyUDQ9JAmjnNQUVYw0I0FQ4DHS8Prnqd+4I0LSkN+oQUTcAHU59SlGSkttc6sKT6ET0aITINXzvOR6eBu096CDUQQvd/Nts2CVrBHgJLEzUgAZqm3zw+mEOA4IV5ghKVu2FSk3QUJRzMgw78SSRAj3UZe0NOUoINJNRo8M4Y5WOtAPhS6u4Ej9OZGgQMpB4OnO9Fz510vF/7xWrPxjN6E8ihXheLzIjxlUIUxTgR0qCFZsoAnCgupbIe4hgbDS2Y1DOElx+P3yJKnvl+xyqXx1UKicZXHkwCbYBkVggyNQARegCmoAg3vwCJ7Bi/FgPBmvxtu4dcrIZjbALxjvX61Nl/o=</latexit>



Polyhedral Lifts of Polytopes

lift of P

⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit>

P

affine slice of
 Rm
+

<latexit sha1_base64="PkvoZMr+hTQb3H43IMyIKmH5hMs=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCIJQZKz52RTcuq9gHtOOQSTNtaJIZkoxQh36JGxeKuPVT3Pk3ZtpB1HogcDjnXu7JCWJGlXacT6uwsLi0vFJcLa2tb2yW7a3tlooSiUkTRyySnQApwqggTU01I51YEsQDRtrB6DLz2/dEKhqJWz2OicfRQNCQYqSN5NvlHkd6GATpzeSO+4cl3644VWcKOE/cnFRAjoZvf/T6EU44ERozpFTXdWLtpUhqihmZlHqJIjHCIzQgXUMF4kR56TT4BO4bpQ/DSJonNJyqPzdSxJUa88BMZjHVXy8T//O6iQ7PvJSKONFE4NmhMGFQRzBrAfapJFizsSEIS2qyQjxEEmFtupqVcJ7h5PvL86R1VHVr1dr1caV+kddRBLtgDxwAF5yCOrgCDdAEGCTgETyDF+vBerJerbfZaMHKd3bAL1jvXzMCkus=</latexit>

polytope 

P = ⇡(Rm
+ \ L)

<latexit sha1_base64="1kVs2GdwJoaGPKXZSahCcs9q+tk=">AAACCHicbVDLSsNAFJ34rPUVdenCwSJUhJJY8bEQim5cuKhiH9DEMplO2qGTSZiZCCV06cZfceNCEbd+gjv/xkkbRK0HLhzOuZd77/EiRqWyrE9janpmdm4+t5BfXFpeWTXX1usyjAUmNRyyUDQ9JAmjnNQUVYw0I0FQ4DHS8Prnqd+4I0LSkN+oQUTcAHU59SlGSkttc6sKT6ET0aITINXzvOR6eBu096CDUQQvd/Nts2CVrBHgJLEzUgAZqm3zw+mEOA4IV5ghKVu2FSk3QUJRzMgw78SSRAj3UZe0NOUoINJNRo8M4Y5WOtAPhS6u4Ej9OZGgQMpB4OnO9Fz510vF/7xWrPxjN6E8ihXheLzIjxlUIUxTgR0qCFZsoAnCgupbIe4hgbDS2Y1DOElx+P3yJKnvl+xyqXx1UKicZXHkwCbYBkVggyNQARegCmoAg3vwCJ7Bi/FgPBmvxtu4dcrIZjbALxjvX61Nl/o=</latexit> Can optimize a linear 
function over the lift 

instead of over P



Permutahedron

n! vertices
<latexit sha1_base64="+3g7qyTZfEtI1TZCU1rz/9cDHhs=">AAAB/nicbVDLSsNAFJ34rPUVFVduRovgqiRV0GXRjcsK9gFtKJPpbTt0MgmZG7GEgr/ixoUibv0Od/6NkzYLbT0wcDjn3Jk7x4+k0Og439bS8srq2npho7i5tb2za+/tN3SYxBzqPJRh3PKZBikU1FGghFYUAwt8CU1/dJP5zQeItQjVPY4j8AI2UKIvOEMjde1DdUw7CI+YRCk1QRQc9KRrl5yyMwVdJG5OSiRHrWt/dXohTwJQyCXTuu06EXopy+6TMCl2Eg0R4yM2gLahigWgvXS6/oSeGqVH+2FsjkI6VX9PpCzQehz4JhkwHOp5LxP/89oJ9q+8VKgoQVB89lA/kRRDmnVBeyIGjnJsCOOxMLtSPmQx42gaK5oS3PkvL5JGpeyelyt3F6XqdV5HgRyRE3JGXHJJquSW1EidcJKSZ/JK3qwn68V6tz5m0SUrnzkgf2B9/gBGx5Wz</latexit>

2n � 2 facets
<latexit sha1_base64="lJQbT/xoLmqwNSy57Qm9HKI9Aqg=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhgEL4bdKOgx6MVjBPOAJIbZSW8yZHZ2mekVwxIv/ooXD4p49S+8+TdOHgdNLGgoqrrp7vJjKQy67rezsLi0vLKaWcuub2xubed2dqsmSjSHCo9kpOs+MyCFggoKlFCPNbDQl1Dz+1cjv3YP2ohI3eIghlbIukoEgjO0Uju3X7xL1fCkSJsID5jEKQ0YBzTDdi7vFtwx6DzxpiRPpii3c1/NTsSTEBRyyYxpeG6MrZRpFFzCMNtMDMSM91kXGpYqFoJppeMPhvTIKh0aRNqWQjpWf0+kLDRmEPq2M2TYM7PeSPzPayQYXLRSoeIEQfHJoiCRFCM6ioN2hAaOcmAJ41rYWynvMc042tCyNgRv9uV5Ui0WvNNC8eYsX7qcxpEhB+SQHBOPnJMSuSZlUiGcPJJn8krenCfnxXl3PiatC850Zo/8gfP5AxGxlqg=</latexit>

⇧n = conv(permutations of (1, 2, . . . , n))
<latexit sha1_base64="WhwoPhxXfT1ykNaDAe+kYvbMSWE=">AAACKHicbVDLSgMxFM34rPVVdekmWIQKpcyo+FiIRTcuK1gVOqVk0jsazCRDckcsQz/Hjb/iRkQRt36J07GKrwOBk3POJbkniKWw6Lqvzsjo2PjEZGGqOD0zOzdfWlg8tToxHJpcS23OA2ZBCgVNFCjhPDbAokDCWXB1OPDPrsFYodUJ9mJoR+xCiVBwhpnUKe37DdFRdI/6CDeYxCnX6rpf+bzFYKIE86ylOqR9WvGq61Vfdj Xaqlpb65TKbs3NQf8Sb0jKZIhGp/TodzVPIlDIJbO25bkxtlNmUHAJ/aKfWIgZv2IX0MqoYhHYdpov2qermdKloTbZUUhz9ftEyiJre1GQJSOGl/a3NxD/81oJhjvtVKg4QVD846EwkRQ1HbRGu8IAR9nLCONGZH+l/JIZxjHrtpiXsDvA1tfKf8npes3bqG0cb5brB8M6CmSZrJAK8cg2qZMj0iBNwsktuSdP5Nm5cx6cF+f1IzriDGeWyA84b+9nuqZC</latexit>



Permutahedron

n! vertices
<latexit sha1_base64="+3g7qyTZfEtI1TZCU1rz/9cDHhs=">AAAB/nicbVDLSsNAFJ34rPUVFVduRovgqiRV0GXRjcsK9gFtKJPpbTt0MgmZG7GEgr/ixoUibv0Od/6NkzYLbT0wcDjn3Jk7x4+k0Og439bS8srq2npho7i5tb2za+/tN3SYxBzqPJRh3PKZBikU1FGghFYUAwt8CU1/dJP5zQeItQjVPY4j8AI2UKIvOEMjde1DdUw7CI+YRCk1QRQc9KRrl5yyMwVdJG5OSiRHrWt/dXohTwJQyCXTuu06EXopy+6TMCl2Eg0R4yM2gLahigWgvXS6/oSeGqVH+2FsjkI6VX9PpCzQehz4JhkwHOp5LxP/89oJ9q+8VKgoQVB89lA/kRRDmnVBeyIGjnJsCOOxMLtSPmQx42gaK5oS3PkvL5JGpeyelyt3F6XqdV5HgRyRE3JGXHJJquSW1EidcJKSZ/JK3qwn68V6tz5m0SUrnzkgf2B9/gBGx5Wz</latexit>

2n � 2 facets
<latexit sha1_base64="lJQbT/xoLmqwNSy57Qm9HKI9Aqg=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhgEL4bdKOgx6MVjBPOAJIbZSW8yZHZ2mekVwxIv/ooXD4p49S+8+TdOHgdNLGgoqrrp7vJjKQy67rezsLi0vLKaWcuub2xubed2dqsmSjSHCo9kpOs+MyCFggoKlFCPNbDQl1Dz+1cjv3YP2ohI3eIghlbIukoEgjO0Uju3X7xL1fCkSJsID5jEKQ0YBzTDdi7vFtwx6DzxpiRPpii3c1/NTsSTEBRyyYxpeG6MrZRpFFzCMNtMDMSM91kXGpYqFoJppeMPhvTIKh0aRNqWQjpWf0+kLDRmEPq2M2TYM7PeSPzPayQYXLRSoeIEQfHJoiCRFCM6ioN2hAaOcmAJ41rYWynvMc042tCyNgRv9uV5Ui0WvNNC8eYsX7qcxpEhB+SQHBOPnJMSuSZlUiGcPJJn8krenCfnxXl3PiatC850Zo/8gfP5AxGxlqg=</latexit>

Birkhoff polytope 

Bn =

8
<

:X 2 Rn⇥n :

P
j Xij = 1, 8 i 2 [n],P
j Xij = 1, 8 j 2 [n],

Xij � 0 8 1  i, j  n

9
=

;
<latexit sha1_base64="LGjjuBfHUN3YYy2ZHGR2K1LEUyI="></latexit> O(n2)-lift

<latexit sha1_base64="QukPg3TpTWcycfJ/CsxjhIys6s4=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAI8WDYjYIeg168GcE8IIlhdjKbDJmdXWZ6xbgEf8WLB0W8+h/e/BsnyR40saChqOqmu8uLBNfgON9WZmFxaXklu5pbW9/Y3LK3d2o6jBVlVRqKUDU8opngklWBg2CNSDESeILVvcHl2K/fM6V5KG9hGLF2QHqS+5wSMFLH3rsuyLvSUQvYA8RRciy4D6OOnXeKzgR4nrgpyaMUlY791eqGNA6YBCqI1k3XiaCdEAWcCjbKtWLNIkIHpMeahkoSMN1OJteP8KFRutgPlSkJeKL+nkhIoPUw8ExnQKCvZ72x+J/XjME/bydcRjEwSaeL/FhgCPE4CtzlilEQQ0MIVdzcimmfKELBBJYzIbizL8+TWqnonhRLN6f58kUaRxbtowNUQC46Q2V0hSqoiih6RM/oFb1ZT9aL9W59TFszVjqzi/7A+vwB+8+U7w==</latexit>

⇧n = ⇡(Bn)
<latexit sha1_base64="rd4XOFjGIc55Qy++EGrK7Cjcxik=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0Wom5JY8bEQSt24rGAf0IQwmU7aoZNJmJkUSuifuHGhiFv/xJ1/4yQNotYDFw7n3Mu99/gxo1JZ1qdRWlldW98ob1a2tnd298z9g66MEoFJB0csEn0fScIoJx1FFSP9WBAU+oz0/Mlt5vemREga8Qc1i4kbohGnAcVIackzTadNPQ5voBPTWsvjp55ZtepWDrhM7IJUQYG2Z344wwgnIeEKMyTlwLZi5aZIKIoZmVecRJIY4QkakYGmHIVEuml++RyeaGUIg0jo4grm6s+JFIVSzkJfd4ZIjeVfLxP/8waJCq7clPI4UYTjxaIgYVBFMIsBDqkgWLGZJggLqm+FeIwEwkqHVclDuM5w8f3yMume1e1GvXF/Xm22ijjK4AgcgxqwwSVogjvQBh2AwRQ8gmfwYqTGk/FqvC1aS0Yxcwh+wXj/ApP4knY=</latexit>

doubly stochastic matrices

⇧n = conv(permutations of (1, 2, . . . , n))
<latexit sha1_base64="WhwoPhxXfT1ykNaDAe+kYvbMSWE=">AAACKHicbVDLSgMxFM34rPVVdekmWIQKpcyo+FiIRTcuK1gVOqVk0jsazCRDckcsQz/Hjb/iRkQRt36J07GKrwOBk3POJbkniKWw6Lqvzsjo2PjEZGGqOD0zOzdfWlg8tToxHJpcS23OA2ZBCgVNFCjhPDbAokDCWXB1OPDPrsFYodUJ9mJoR+xCiVBwhpnUKe37DdFRdI/6CDeYxCnX6rpf+bzFYKIE86ylOqR9WvGq61Vfdj Xaqlpb65TKbs3NQf8Sb0jKZIhGp/TodzVPIlDIJbO25bkxtlNmUHAJ/aKfWIgZv2IX0MqoYhHYdpov2qermdKloTbZUUhz9ftEyiJre1GQJSOGl/a3NxD/81oJhjvtVKg4QVD846EwkRQ1HbRGu8IAR9nLCONGZH+l/JIZxjHrtpiXsDvA1tfKf8npes3bqG0cb5brB8M6CmSZrJAK8cg2qZMj0iBNwsktuSdP5Nm5cx6cF+f1IzriDGeWyA84b+9nuqZC</latexit>



Permutahedron

n! vertices
<latexit sha1_base64="+3g7qyTZfEtI1TZCU1rz/9cDHhs=">AAAB/nicbVDLSsNAFJ34rPUVFVduRovgqiRV0GXRjcsK9gFtKJPpbTt0MgmZG7GEgr/ixoUibv0Od/6NkzYLbT0wcDjn3Jk7x4+k0Og439bS8srq2npho7i5tb2za+/tN3SYxBzqPJRh3PKZBikU1FGghFYUAwt8CU1/dJP5zQeItQjVPY4j8AI2UKIvOEMjde1DdUw7CI+YRCk1QRQc9KRrl5yyMwVdJG5OSiRHrWt/dXohTwJQyCXTuu06EXopy+6TMCl2Eg0R4yM2gLahigWgvXS6/oSeGqVH+2FsjkI6VX9PpCzQehz4JhkwHOp5LxP/89oJ9q+8VKgoQVB89lA/kRRDmnVBeyIGjnJsCOOxMLtSPmQx42gaK5oS3PkvL5JGpeyelyt3F6XqdV5HgRyRE3JGXHJJquSW1EidcJKSZ/JK3qwn68V6tz5m0SUrnzkgf2B9/gBGx5Wz</latexit>

2n � 2 facets
<latexit sha1_base64="lJQbT/xoLmqwNSy57Qm9HKI9Aqg=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhgEL4bdKOgx6MVjBPOAJIbZSW8yZHZ2mekVwxIv/ooXD4p49S+8+TdOHgdNLGgoqrrp7vJjKQy67rezsLi0vLKaWcuub2xubed2dqsmSjSHCo9kpOs+MyCFggoKlFCPNbDQl1Dz+1cjv3YP2ohI3eIghlbIukoEgjO0Uju3X7xL1fCkSJsID5jEKQ0YBzTDdi7vFtwx6DzxpiRPpii3c1/NTsSTEBRyyYxpeG6MrZRpFFzCMNtMDMSM91kXGpYqFoJppeMPhvTIKh0aRNqWQjpWf0+kLDRmEPq2M2TYM7PeSPzPayQYXLRSoeIEQfHJoiCRFCM6ioN2hAaOcmAJ41rYWynvMc042tCyNgRv9uV5Ui0WvNNC8eYsX7qcxpEhB+SQHBOPnJMSuSZlUiGcPJJn8krenCfnxXl3PiatC850Zo/8gfP5AxGxlqg=</latexit>

Birkhoff polytope 

Bn =

8
<

:X 2 Rn⇥n :

P
j Xij = 1, 8 i 2 [n],P
j Xij = 1, 8 j 2 [n],

Xij � 0 8 1  i, j  n

9
=

;
<latexit sha1_base64="LGjjuBfHUN3YYy2ZHGR2K1LEUyI="></latexit> O(n2)-lift

<latexit sha1_base64="QukPg3TpTWcycfJ/CsxjhIys6s4=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAI8WDYjYIeg168GcE8IIlhdjKbDJmdXWZ6xbgEf8WLB0W8+h/e/BsnyR40saChqOqmu8uLBNfgON9WZmFxaXklu5pbW9/Y3LK3d2o6jBVlVRqKUDU8opngklWBg2CNSDESeILVvcHl2K/fM6V5KG9hGLF2QHqS+5wSMFLH3rsuyLvSUQvYA8RRciy4D6OOnXeKzgR4nrgpyaMUlY791eqGNA6YBCqI1k3XiaCdEAWcCjbKtWLNIkIHpMeahkoSMN1OJteP8KFRutgPlSkJeKL+nkhIoPUw8ExnQKCvZ72x+J/XjME/bydcRjEwSaeL/FhgCPE4CtzlilEQQ0MIVdzcimmfKELBBJYzIbizL8+TWqnonhRLN6f58kUaRxbtowNUQC46Q2V0hSqoiih6RM/oFb1ZT9aL9W59TFszVjqzi/7A+vwB+8+U7w==</latexit>

⇧n = ⇡(Bn)
<latexit sha1_base64="rd4XOFjGIc55Qy++EGrK7Cjcxik=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0Wom5JY8bEQSt24rGAf0IQwmU7aoZNJmJkUSuifuHGhiFv/xJ1/4yQNotYDFw7n3Mu99/gxo1JZ1qdRWlldW98ob1a2tnd298z9g66MEoFJB0csEn0fScIoJx1FFSP9WBAU+oz0/Mlt5vemREga8Qc1i4kbohGnAcVIackzTadNPQ5voBPTWsvjp55ZtepWDrhM7IJUQYG2Z344wwgnIeEKMyTlwLZi5aZIKIoZmVecRJIY4QkakYGmHIVEuml++RyeaGUIg0jo4grm6s+JFIVSzkJfd4ZIjeVfLxP/8waJCq7clPI4UYTjxaIgYVBFMIsBDqkgWLGZJggLqm+FeIwEwkqHVclDuM5w8f3yMume1e1GvXF/Xm22ijjK4AgcgxqwwSVogjvQBh2AwRQ8gmfwYqTGk/FqvC1aS0Yxcwh+wXj/ApP4knY=</latexit>

doubly stochastic matrices

Goemans (2015):
⇧n has a O(n log n)-lift

<latexit sha1_base64="Z9f4QXgV2bHoXBGEWSpAtwQiSLI=">AAACGnicbVDLSsNAFJ34rPUVdelmsAh1YUmqoMuiG3dWsA9oQplMJ+3QySTM3Igl9Dvc+CtuXCjiTtz4N04fgrYeuHA4517uvSdIBNfgOF/WwuLS8spqbi2/vrG5tW3v7NZ1nCrKajQWsWoGRDPBJasBB8GaiWIkCgRrBP3Lkd+4Y0rzWN7CIGF+RLqSh5wSMFLbdr0qb0vsAbuHNMlwj2hM8BDnr4tGFXEXy6Mf81jwEIZtu+CUnDHwPHGnpICmqLbtD68T0zRiEqggWrdcJwE/Iwo4FWyY91LNEkL7pMtahkoSMe1n49eG+NAoHRzGypQEPFZ/T2Qk0noQBaYzItDTs95I/M9rpRCe+xmXSQpM0smiMBUYYjzKCXe4YhTEwBBCFTe3YtojilAwaeZNCO7sy/OkXi65J6XyzWmhcjGNI4f20QEqIhedoQq6QlVUQxQ9oCf0gl6tR+vZerPeJ60L1nRmD/2B9fkNiA+f9A==</latexit>

⇧n = conv(permutations of (1, 2, . . . , n))
<latexit sha1_base64="WhwoPhxXfT1ykNaDAe+kYvbMSWE=">AAACKHicbVDLSgMxFM34rPVVdekmWIQKpcyo+FiIRTcuK1gVOqVk0jsazCRDckcsQz/Hjb/iRkQRt36J07GKrwOBk3POJbkniKWw6Lqvzsjo2PjEZGGqOD0zOzdfWlg8tToxHJpcS23OA2ZBCgVNFCjhPDbAokDCWXB1OPDPrsFYodUJ9mJoR+xCiVBwhpnUKe37DdFRdI/6CDeYxCnX6rpf+bzFYKIE86ylOqR9WvGq61Vfdj Xaqlpb65TKbs3NQf8Sb0jKZIhGp/TodzVPIlDIJbO25bkxtlNmUHAJ/aKfWIgZv2IX0MqoYhHYdpov2qermdKloTbZUUhz9ftEyiJre1GQJSOGl/a3NxD/81oJhjvtVKg4QVD846EwkRQ1HbRGu8IAR9nLCONGZH+l/JIZxjHrtpiXsDvA1tfKf8npes3bqG0cb5brB8M6CmSZrJAK8cg2qZMj0iBNwsktuSdP5Nm5cx6cF+f1IzriDGeWyA84b+9nuqZC</latexit>



Honeycomb lift of the Horn cone 

1

Horn(n) := {(�, µ, ⌫) 2 (Rn)3 :
<latexit sha1_base64="aUfygdPzt5/0oNP1A1gdCu0Yryw="></latexit>

9A,B Hermitian n⇥ n with
<latexit sha1_base64="kUqt9HGUQcmJEA0Nf9XtZgiukAs=">AAACInicbVDLSgNBEJz1GeMr6tHLYBA8SNgYUXOL8ZJjBBOFbAizk44ZnJ1dZno1Ycm3ePFXvHhQ1JPgxzh54LugoajqpujyIykMuu6bMzU9Mzs3n1pILy4tr6xm1tbrJow1hxoPZagvfGZACgU1FCjhItLAAl/CuX91MvTPr0EbEaoz7EfQDNilEh3BGVqplSl60LMphh7vlqmH0MM4SmgFdCBQMEUHVHkoAjBUfdk3AruDVibr5twR6F+Sn5AsmaDayrx47ZDHASjkkhnTyLsRNhOmUXAJg7QXG4gYv2KX0LBUMZvaTEYvDui2Vdq0E2o7CulI/X6RsMCYfuDbzYBh1/z2huJ/XiPGzlEzESqKERQfB3ViSTGkw75oW2jgKPuWMK5tKZzyLtOMo201PSqhOMTB58t/SX0vly/kCqf72VJ5UkeKbJItskPy5JCUSIVUSY1wckvuySN5cu6cB+fZeR2vTjmTmw3yA877B5FCpHo=</latexit>

� = eig(A),
<latexit sha1_base64="2CJLLnVPG6xrfATIBuavaQYZ7E0=">AAACBXicbVDJSgNBFOyJW4xb1KMeGoMQQcKMEZeDEPXiMYJZIAmhp/OSNOlZ6H4jhiEXL/6KFw+KePUfvPk3dhZEjQUNRVU9Xr9yQyk02vanlZiZnZtfSC6mlpZXVtfS6xtlHUSKQ4kHMlBVl2mQwocSCpRQDRUwz5VQcXuXQ79yC0qLwL/BfggNj3V80RacoZGa6e26NOEWo2e0jnCHURiD6Ayy53v7NNVMZ+ycPQKdJs6EZMgExWb6o94KeOSBj1wyrWuOHWIjZgoFlzBI1SMNIeM91oGaoT7zQDfi0RUDumuUFm0Hyjwf6Uj9OREzT+u+55qkx7Cr/3pD8T+vFmH7pBELP4wQfD5e1I4kxYAOK6EtoYCj7BvCuBLmr5R3mWIcTXHjEk6HOPo+eZqUD3JOPpe/PswULiZ1JMkW2SFZ4pBjUiBXpEhKhJN78kieyYv1YD1Zr9bbOJqwJjOb5Bes9y9YS5dP</latexit>

µ = eig(B),
<latexit sha1_base64="hfvpFoOLdnlRBGK2P5WbHEaXxww=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQIkiYGHE5CCFePEYwCyQh9HRqkiY9C901YhjixV/x4kERr/6FN//GmSSIGh8UPN6roqqeHUih0bI+jdTc/MLiUno5s7K6tr5hbm7VtB8qDlXuS181bKZBCg+qKFBCI1DAXFtC3R5cJn79FpQWvneDwwDaLut5whGcYSx1zJ2WG9IL2kK4wzCIQPRGufLBIc10zKyVt8ags6QwJVkyRaVjfrS6Pg9d8JBLpnWzYAXYjphCwSWMMq1QQ8D4gPWgGVOPuaDb0fiDEd2PlS51fBWXh3Ss/pyImKv10LXjTpdhX//1EvE/rxmic9aOhBeECB6fLHJCSdGnSRy0KxRwlMOYMK5EfCvlfaYYxzi0SQjnCU6+X54ltaN8oZgvXh9nS+VpHGmyS/ZIjhTIKSmRK1IhVcLJPXkkz+TFeDCejFfjbdKaMqYz2+QXjPcvWd2VqQ==</latexit>

⌫ = eig(�(A+B))}
<latexit sha1_base64="naE1UhHylxNGj1KvWEUvPHKV5aw=">AAACCHicbVDJSgNBEO1xN25Rjx5sDEKCGCYqLgchxovHCGaBTAg9nUps7OkZumvEMMzRi7/ixYMiXv0Eb/6NkwVR44OCx3tVVNVzAykM2vanNTE5NT0zOzefWlhcWl5Jr65VjR9qDhXuS1/XXWZACgUVFCihHmhgniuh5t6c9/3aLWgjfHWFvQCaHusq0RGcYSK10puOCukpdRDuMAwiEN04u5s92ynlctSJaaqVzth5ewA6TgojkiEjlFvpD6ft89ADhVwyYxoFO8BmxDQKLiFOOaGBgPEb1oVGQhXzwDSjwSMx3U6UNu34OimFdKD+nIiYZ0zPc5NOj+G1+ev1xf+8Roid42YkVBAiKD5c1AklRZ/2U6FtoYGj7CWEcS2SWym/ZppxTLIbhnDSx+H3y+Okupcv7Of3Lw8yxdIojjmyQbZIlhTIESmSC1ImFcLJPXkkz+TFerCerFfrbdg6YY1m1skvWO9fNpWXpw==</latexit>

Knutson-Tao (1999)

O(n2)-lift
<latexit sha1_base64="7I+/MiYH9cMZtGRsC/ukPzuwRuc=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6sKStOJjV3Tjzgr2AW0tk+mkHTqZhJkbscQu/BU3LhRx62+4829M2iC+Dlw4nHMv997jBIJrsKwPIzMzOze/kF3MLS2vrK6Z6xt17YeKshr1ha+aDtFMcMlqwEGwZqAY8RzBGs7wLPEbN0xp7ssrGAWs45G+5C6nBGKpa25dFOR1aa8N7BbCINoX3IUxznXNvFW0JsB/iZ2SPEpR7Zrv7Z5PQ49JoIJo3bKtADoRUcCpYONcO9QsIHRI+qwVU0k8pjvR5P4x3o2VHnZ9FZcEPFG/T0TE03rkOXGnR2Cgf3uJ+J/XCsE97kRcBiEwSaeL3FBg8HESBu5xxSiIUUwIVTy+FdMBUYRCHNk0hJMEh18v/yX1UtEuF8uXB/nKaRpHFm2jHVRANjpCFXSOqqiGKLpDD+gJPRv3xqPxYrxOWzNGOrOJfsB4+wSsZJVg</latexit>

• allows a polynomial time check whether a triple is a Horn triple
• connections to representation theory of GL(n)



Resolution of Singularities 
Hironaka (1964)

Y = {(1 + 2 cos(t)� 2 sin(t)2, 2 sin(t)� 2 sin(t) cos(t), sin(3t)) : t 2 [0, 2⇡]}
<latexit sha1_base64="wARousAm4pVQvT3xR0AB1gzXjVw="></latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

Y
<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>

X = {(1 + 2 cos(t)� 2 sin(t)2, 2 sin(t)� 2 sin(t) cos(t)) : t 2 [0, 2⇡]}
<latexit sha1_base64="qNoTyybaIObCMuy2Gn7ZcgHaWv8="></latexit>



Conic Lifts of Convex Sets

lift of C

C

⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit>

convex set 

affine slice of a 
closed convex cone 

K

C = ⇡(K \ L)
<latexit sha1_base64="piqdu/8kQXNUAIWsouPf8rlZcyY=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQN2WmCroRit0IuqhgH9AZSibNtKGZTEgyShn7KW5cKOLWL3Hn35i2s9DWAxcO59zLvfcEglGlHefbyq2srq1v5DcLW9s7u3t2cb+l4kRi0sQxi2UnQIowyklTU81IR0iCooCRdjCqT/32A5GKxvxejwXxIzTgNKQYaSP17GIdXkJP0PIN9DAS8PakZ5ecijMDXCZuRkogQ6Nnf3n9GCcR4RozpFTXdYT2UyQ1xYxMCl6iiEB4hAakayhHEVF+Ojt9Ao+N0odhLE1xDWfq74kURUqNo8B0RkgP1aI3Ff/zuokOL/yUcpFowvF8UZgwqGM4zQH2qSRYs7EhCEtqboV4iCTC2qRVMCG4iy8vk1a14p5WqndnpdpVFkceHIIjUAYuOAc1cA0aoAkweATP4BW8WU/Wi/Vufcxbc1Y2cwD+wPr8ATPrkgY=</latexit>



Semidefinite Programming 

Sn
+ = {n⇥ n psd matrices}

<latexit sha1_base64="uSnGTRLrJUruutlANaP/uH4Z6fI="></latexit><latexit sha1_base64="uSnGTRLrJUruutlANaP/uH4Z6fI="></latexit><latexit sha1_base64="uSnGTRLrJUruutlANaP/uH4Z6fI="></latexit>

psd cone: 

max C ·X
Ai ·X = bi i = 1, . . . ,m
X ⌫ 0

<latexit sha1_base64="f1VpVsjEuQn97VWGKL5pzHgDKkE="></latexit><latexit sha1_base64="f1VpVsjEuQn97VWGKL5pzHgDKkE="></latexit><latexit sha1_base64="f1VpVsjEuQn97VWGKL5pzHgDKkE="></latexit>

semidefinite program:



Semidefinite Programming 

Sn
+ = {n⇥ n psd matrices}

<latexit sha1_base64="uSnGTRLrJUruutlANaP/uH4Z6fI="></latexit><latexit sha1_base64="uSnGTRLrJUruutlANaP/uH4Z6fI="></latexit><latexit sha1_base64="uSnGTRLrJUruutlANaP/uH4Z6fI="></latexit>

psd cone: 

max C ·X
Ai ·X = bi i = 1, . . . ,m
X ⌫ 0

<latexit sha1_base64="f1VpVsjEuQn97VWGKL5pzHgDKkE="></latexit><latexit sha1_base64="f1VpVsjEuQn97VWGKL5pzHgDKkE="></latexit><latexit sha1_base64="f1VpVsjEuQn97VWGKL5pzHgDKkE="></latexit>

semidefinite program:

spectrahedra:  feasible regions of semidefinite programs
(slices of the psd cone by affine spaces)



Spectrahedral Lifts of Convex Sets

K = Sm
+

<latexit sha1_base64="pHUG35D+rl91d/VxF3PsHJzWdv8=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIsgCGWmCroRim4ENxXtA9pxyKSZNjTJDElGKEP9FTcuFHHrh7jzb8y0s9DWA4HDOfdyT04QM6q043xbhaXlldW14nppY3Nre8fe3WupKJGYNHHEItkJkCKMCtLUVDPSiSVBPGCkHYyuMr/9SKSikbjX45h4HA0EDSlG2ki+Xb6BF7DHkR5ixNK7yQP3j3274lSdKeAicXNSATkavv3V60c44URozJBSXdeJtZciqSlmZFLqJYrECI/QgHQNFYgT5aXT8BN4aJQ+DCNpntBwqv7eSBFXaswDM5nFVPNeJv7ndRMdnnspFXGiicCzQ2HCoI5g1gTsU0mwZmNDEJbUZIV4iCTC2vRVMiW4819eJK1a1T2p1m5PK/XLvI4i2AcH4Ai44AzUwTVogCbAYAyewSt4s56sF+vd+piNFqx8pwz+wPr8AYLLlAs=</latexit>

K-lift of C

C



G = ([n], E)
<latexit sha1_base64="SFUzvOxbuL49L16+yiWTmmIIABM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIVQT0IRRE9VnBtYbuUbJptQ7PJkmSFsvRnePGg4tV/481/Y9ruQVsfDDzem2FmXphwpo3rfjsLi0vLK6uFteL6xubWdmln91HLVBHqEcmlaoVYU84E9QwznLYSRXEcctoMB9djv/lElWZSPJhhQoMY9wSLGMHGSv4tukQVXwTHN0edUtmtuhOgeVLLSRlyNDqlr3ZXkjSmwhCOtfZrbmKCDCvDCKejYjvVNMFkgHvUt1TgmOogm5w8QodW6aJIKlvCoIn6eyLDsdbDOLSdMTZ9PeuNxf88PzXReZAxkaSGCjJdFKUcGYnG/6MuU5QYPrQEE8XsrYj0scLE2JSKNoTa7MvzxDupXlTd+9Ny/SpPowD7cAAVqMEZ1OEOGuABAQnP8ApvjnFenHfnY9q64OQze/AHzucPJz2PZw==</latexit><latexit sha1_base64="SFUzvOxbuL49L16+yiWTmmIIABM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIVQT0IRRE9VnBtYbuUbJptQ7PJkmSFsvRnePGg4tV/481/Y9ruQVsfDDzem2FmXphwpo3rfjsLi0vLK6uFteL6xubWdmln91HLVBHqEcmlaoVYU84E9QwznLYSRXEcctoMB9djv/lElWZSPJhhQoMY9wSLGMHGSv4tukQVXwTHN0edUtmtuhOgeVLLSRlyNDqlr3ZXkjSmwhCOtfZrbmKCDCvDCKejYjvVNMFkgHvUt1TgmOogm5w8QodW6aJIKlvCoIn6eyLDsdbDOLSdMTZ9PeuNxf88PzXReZAxkaSGCjJdFKUcGYnG/6MuU5QYPrQEE8XsrYj0scLE2JSKNoTa7MvzxDupXlTd+9Ny/SpPowD7cAAVqMEZ1OEOGuABAQnP8ApvjnFenHfnY9q64OQze/AHzucPJz2PZw==</latexit><latexit sha1_base64="SFUzvOxbuL49L16+yiWTmmIIABM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIVQT0IRRE9VnBtYbuUbJptQ7PJkmSFsvRnePGg4tV/481/Y9ruQVsfDDzem2FmXphwpo3rfjsLi0vLK6uFteL6xubWdmln91HLVBHqEcmlaoVYU84E9QwznLYSRXEcctoMB9djv/lElWZSPJhhQoMY9wSLGMHGSv4tukQVXwTHN0edUtmtuhOgeVLLSRlyNDqlr3ZXkjSmwhCOtfZrbmKCDCvDCKejYjvVNMFkgHvUt1TgmOogm5w8QodW6aJIKlvCoIn6eyLDsdbDOLSdMTZ9PeuNxf88PzXReZAxkaSGCjJdFKUcGYnG/6MuU5QYPrQEE8XsrYj0scLE2JSKNoTa7MvzxDupXlTd+9Ny/SpPowD7cAAVqMEZ1OEOGuABAQnP8ApvjnFenHfnY9q64OQze/AHzucPJz2PZw==</latexit>



G = ([n], E)
<latexit sha1_base64="SFUzvOxbuL49L16+yiWTmmIIABM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIVQT0IRRE9VnBtYbuUbJptQ7PJkmSFsvRnePGg4tV/481/Y9ruQVsfDDzem2FmXphwpo3rfjsLi0vLK6uFteL6xubWdmln91HLVBHqEcmlaoVYU84E9QwznLYSRXEcctoMB9djv/lElWZSPJhhQoMY9wSLGMHGSv4tukQVXwTHN0edUtmtuhOgeVLLSRlyNDqlr3ZXkjSmwhCOtfZrbmKCDCvDCKejYjvVNMFkgHvUt1TgmOogm5w8QodW6aJIKlvCoIn6eyLDsdbDOLSdMTZ9PeuNxf88PzXReZAxkaSGCjJdFKUcGYnG/6MuU5QYPrQEE8XsrYj0scLE2JSKNoTa7MvzxDupXlTd+9Ny/SpPowD7cAAVqMEZ1OEOGuABAQnP8ApvjnFenHfnY9q64OQze/AHzucPJz2PZw==</latexit><latexit sha1_base64="SFUzvOxbuL49L16+yiWTmmIIABM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIVQT0IRRE9VnBtYbuUbJptQ7PJkmSFsvRnePGg4tV/481/Y9ruQVsfDDzem2FmXphwpo3rfjsLi0vLK6uFteL6xubWdmln91HLVBHqEcmlaoVYU84E9QwznLYSRXEcctoMB9djv/lElWZSPJhhQoMY9wSLGMHGSv4tukQVXwTHN0edUtmtuhOgeVLLSRlyNDqlr3ZXkjSmwhCOtfZrbmKCDCvDCKejYjvVNMFkgHvUt1TgmOogm5w8QodW6aJIKlvCoIn6eyLDsdbDOLSdMTZ9PeuNxf88PzXReZAxkaSGCjJdFKUcGYnG/6MuU5QYPrQEE8XsrYj0scLE2JSKNoTa7MvzxDupXlTd+9Ny/SpPowD7cAAVqMEZ1OEOGuABAQnP8ApvjnFenHfnY9q64OQze/AHzucPJz2PZw==</latexit><latexit sha1_base64="SFUzvOxbuL49L16+yiWTmmIIABM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIVQT0IRRE9VnBtYbuUbJptQ7PJkmSFsvRnePGg4tV/481/Y9ruQVsfDDzem2FmXphwpo3rfjsLi0vLK6uFteL6xubWdmln91HLVBHqEcmlaoVYU84E9QwznLYSRXEcctoMB9djv/lElWZSPJhhQoMY9wSLGMHGSv4tukQVXwTHN0edUtmtuhOgeVLLSRlyNDqlr3ZXkjSmwhCOtfZrbmKCDCvDCKejYjvVNMFkgHvUt1TgmOogm5w8QodW6aJIKlvCoIn6eyLDsdbDOLSdMTZ9PeuNxf88PzXReZAxkaSGCjJdFKUcGYnG/6MuU5QYPrQEE8XsrYj0scLE2JSKNoTa7MvzxDupXlTd+9Ny/SpPowD7cAAVqMEZ1OEOGuABAQnP8ApvjnFenHfnY9q64OQze/AHzucPJz2PZw==</latexit>

S ✓ [n] is stable if
<latexit sha1_base64="7qShzQXxlakmuAlMwK3Q5B6EDCU=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBShYsIahe0sYzomUByhL3NXLJkb+/cnRPDkb9g41+xsVCxtbTz37j5KDTxwcDjvZndmRckUhh03W9nYXFpeWU1t5Zf39jc2i7s7N6aONUcPB7LWDcCZkAKBR4KlNBINLAokFAP+hcjv34P2ohY3eAgAT9iXSVCwRlaqV0oXdOWSQMDCHe0qXzaQnjANMmoMNQgs+9QEdIhbReKbtkdg86TypQUyRS1duGr1Yl5GoFCLpkxzYqboJ8xjYJLGOZbqYGE8T7rQtNSxSIwfja+aEgPrdKhYaxtKaRj9fdExiJjBlFgOyOGPTPrjcT/vGaK4amfCZWkCIpPPgpTSTGmo3hoR2jgKAeWMK6F3ZXyHtOMow0xb0OozJ48T7yj8lnZvTouVs+naeTIPjkgJVIhJ6RKLkmNeISTR/JMXsmb8+S8OO/Ox6R1wZnO7JE/cD5/AKDXnHM=</latexit><latexit sha1_base64="7qShzQXxlakmuAlMwK3Q5B6EDCU=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBShYsIahe0sYzomUByhL3NXLJkb+/cnRPDkb9g41+xsVCxtbTz37j5KDTxwcDjvZndmRckUhh03W9nYXFpeWU1t5Zf39jc2i7s7N6aONUcPB7LWDcCZkAKBR4KlNBINLAokFAP+hcjv34P2ohY3eAgAT9iXSVCwRlaqV0oXdOWSQMDCHe0qXzaQnjANMmoMNQgs+9QEdIhbReKbtkdg86TypQUyRS1duGr1Yl5GoFCLpkxzYqboJ8xjYJLGOZbqYGE8T7rQtNSxSIwfja+aEgPrdKhYaxtKaRj9fdExiJjBlFgOyOGPTPrjcT/vGaK4amfCZWkCIpPPgpTSTGmo3hoR2jgKAeWMK6F3ZXyHtOMow0xb0OozJ48T7yj8lnZvTouVs+naeTIPjkgJVIhJ6RKLkmNeISTR/JMXsmb8+S8OO/Ox6R1wZnO7JE/cD5/AKDXnHM=</latexit><latexit sha1_base64="7qShzQXxlakmuAlMwK3Q5B6EDCU=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBShYsIahe0sYzomUByhL3NXLJkb+/cnRPDkb9g41+xsVCxtbTz37j5KDTxwcDjvZndmRckUhh03W9nYXFpeWU1t5Zf39jc2i7s7N6aONUcPB7LWDcCZkAKBR4KlNBINLAokFAP+hcjv34P2ohY3eAgAT9iXSVCwRlaqV0oXdOWSQMDCHe0qXzaQnjANMmoMNQgs+9QEdIhbReKbtkdg86TypQUyRS1duGr1Yl5GoFCLpkxzYqboJ8xjYJLGOZbqYGE8T7rQtNSxSIwfja+aEgPrdKhYaxtKaRj9fdExiJjBlFgOyOGPTPrjcT/vGaK4amfCZWkCIpPPgpTSTGmo3hoR2jgKAeWMK6F3ZXyHtOMow0xb0OozJ48T7yj8lnZvTouVs+naeTIPjkgJVIhJ6RKLkmNeISTR/JMXsmb8+S8OO/Ox6R1wZnO7JE/cD5/AKDXnHM=</latexit>

8 i, j 2 S, ij 62 E
<latexit sha1_base64="r52vAJTkTThxDI6JbhytRKMGg4s=">AAACEHicbVDLSgMxFM3UV62vUZdugkXoYigzIqi7ogguKzq20BlKJs20sZlkSDJCKf0FN/6KGxcqbl26829Mp7PQ6oHAuefcS+49Ucqo0q77ZZUWFpeWV8qrlbX1jc0te3vnVolMYuJjwYRsR0gRRjnxNdWMtFNJUBIx0oqG51O/dU+kooLf6FFKwgT1OY0pRtpIXbsWxEIixmDgBA517mBAObx2ZqWpuNC5dNG1q27dzQH/Eq8gVVCg2bU/g57AWUK4xgwp1fHcVIdjJDXFjEwqQaZIivAQ9UnHUI4SosJxftEEHhilB81q5nENc/XnxBglSo2SyHQmSA/UvDcV//M6mY5PwjHlaaYJx7OP4oxBLeA0HtijkmDNRoYgLKnZFeIBkghrE2LFhODNn/yX+If107p7dVRtnBVplMEe2Ac14IFj0ACXoAl8gMEDeAIv4NV6tJ6tN+t91lqyipld8AvWxzemzZqT</latexit><latexit sha1_base64="r52vAJTkTThxDI6JbhytRKMGg4s=">AAACEHicbVDLSgMxFM3UV62vUZdugkXoYigzIqi7ogguKzq20BlKJs20sZlkSDJCKf0FN/6KGxcqbl26829Mp7PQ6oHAuefcS+49Ucqo0q77ZZUWFpeWV8qrlbX1jc0te3vnVolMYuJjwYRsR0gRRjnxNdWMtFNJUBIx0oqG51O/dU+kooLf6FFKwgT1OY0pRtpIXbsWxEIixmDgBA517mBAObx2ZqWpuNC5dNG1q27dzQH/Eq8gVVCg2bU/g57AWUK4xgwp1fHcVIdjJDXFjEwqQaZIivAQ9UnHUI4SosJxftEEHhilB81q5nENc/XnxBglSo2SyHQmSA/UvDcV//M6mY5PwjHlaaYJx7OP4oxBLeA0HtijkmDNRoYgLKnZFeIBkghrE2LFhODNn/yX+If107p7dVRtnBVplMEe2Ac14IFj0ACXoAl8gMEDeAIv4NV6tJ6tN+t91lqyipld8AvWxzemzZqT</latexit><latexit sha1_base64="r52vAJTkTThxDI6JbhytRKMGg4s=">AAACEHicbVDLSgMxFM3UV62vUZdugkXoYigzIqi7ogguKzq20BlKJs20sZlkSDJCKf0FN/6KGxcqbl26829Mp7PQ6oHAuefcS+49Ucqo0q77ZZUWFpeWV8qrlbX1jc0te3vnVolMYuJjwYRsR0gRRjnxNdWMtFNJUBIx0oqG51O/dU+kooLf6FFKwgT1OY0pRtpIXbsWxEIixmDgBA517mBAObx2ZqWpuNC5dNG1q27dzQH/Eq8gVVCg2bU/g57AWUK4xgwp1fHcVIdjJDXFjEwqQaZIivAQ9UnHUI4SosJxftEEHhilB81q5nENc/XnxBglSo2SyHQmSA/UvDcV//M6mY5PwjHlaaYJx7OP4oxBLeA0HtijkmDNRoYgLKnZFeIBkghrE2LFhODNn/yX+If107p7dVRtnBVplMEe2Ac14IFj0ACXoAl8gMEDeAIv4NV6tJ6tN+t91lqyipld8AvWxzemzZqT</latexit>



Stable set problem: 

G = ([n], E)
<latexit sha1_base64="SFUzvOxbuL49L16+yiWTmmIIABM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIVQT0IRRE9VnBtYbuUbJptQ7PJkmSFsvRnePGg4tV/481/Y9ruQVsfDDzem2FmXphwpo3rfjsLi0vLK6uFteL6xubWdmln91HLVBHqEcmlaoVYU84E9QwznLYSRXEcctoMB9djv/lElWZSPJhhQoMY9wSLGMHGSv4tukQVXwTHN0edUtmtuhOgeVLLSRlyNDqlr3ZXkjSmwhCOtfZrbmKCDCvDCKejYjvVNMFkgHvUt1TgmOogm5w8QodW6aJIKlvCoIn6eyLDsdbDOLSdMTZ9PeuNxf88PzXReZAxkaSGCjJdFKUcGYnG/6MuU5QYPrQEE8XsrYj0scLE2JSKNoTa7MvzxDupXlTd+9Ny/SpPowD7cAAVqMEZ1OEOGuABAQnP8ApvjnFenHfnY9q64OQze/AHzucPJz2PZw==</latexit><latexit sha1_base64="SFUzvOxbuL49L16+yiWTmmIIABM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIVQT0IRRE9VnBtYbuUbJptQ7PJkmSFsvRnePGg4tV/481/Y9ruQVsfDDzem2FmXphwpo3rfjsLi0vLK6uFteL6xubWdmln91HLVBHqEcmlaoVYU84E9QwznLYSRXEcctoMB9djv/lElWZSPJhhQoMY9wSLGMHGSv4tukQVXwTHN0edUtmtuhOgeVLLSRlyNDqlr3ZXkjSmwhCOtfZrbmKCDCvDCKejYjvVNMFkgHvUt1TgmOogm5w8QodW6aJIKlvCoIn6eyLDsdbDOLSdMTZ9PeuNxf88PzXReZAxkaSGCjJdFKUcGYnG/6MuU5QYPrQEE8XsrYj0scLE2JSKNoTa7MvzxDupXlTd+9Ny/SpPowD7cAAVqMEZ1OEOGuABAQnP8ApvjnFenHfnY9q64OQze/AHzucPJz2PZw==</latexit><latexit sha1_base64="SFUzvOxbuL49L16+yiWTmmIIABM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIVQT0IRRE9VnBtYbuUbJptQ7PJkmSFsvRnePGg4tV/481/Y9ruQVsfDDzem2FmXphwpo3rfjsLi0vLK6uFteL6xubWdmln91HLVBHqEcmlaoVYU84E9QwznLYSRXEcctoMB9djv/lElWZSPJhhQoMY9wSLGMHGSv4tukQVXwTHN0edUtmtuhOgeVLLSRlyNDqlr3ZXkjSmwhCOtfZrbmKCDCvDCKejYjvVNMFkgHvUt1TgmOogm5w8QodW6aJIKlvCoIn6eyLDsdbDOLSdMTZ9PeuNxf88PzXReZAxkaSGCjJdFKUcGYnG/6MuU5QYPrQEE8XsrYj0scLE2JSKNoTa7MvzxDupXlTd+9Ny/SpPowD7cAAVqMEZ1OEOGuABAQnP8ApvjnFenHfnY9q64OQze/AHzucPJz2PZw==</latexit>

max {|S| : S stable set in G}
<latexit sha1_base64="rTiU45v3RDBHw1mr+/nE9lOQiTQ=">AAACInicbVDLSgMxFM34tr6qLt1cLIILKVMRfKyKLnSpaG2hU0omvdVgJjMkd8Qy7b+48VfcuPC1EvwY01rB14HA4Zxzk9wTJkpa8v03b2R0bHxicmo6NzM7N7+QX1w6t3FqBFZErGJTC7lFJTVWSJLCWmKQR6HCanh10Per12isjPUZdRJsRPxCy7YUnJzUzO8FhDeUJlnEb6AHQQbd0y4EG3vBBpzClwmWuLsRLBJI7XKHEPSa+YJf9AeAv6Q0JAU2xHEz/xK0YpFGqEkobm295CfUyLghKRT2ckFqMeHiil9g3VHNI7SNbLBjD9ac0oJ2bNzRBAP1+0TGI2s7UeiSEadL+9vri/959ZTaO41M6iQl1OLzoXaqgGLoFwYtaVCQ6jjChZHuryAuueGCXK05V0Lp98p/SWWzuFv0T7YK5f1hG1Nsha2ydVZi26zMjtgxqzDBbtk9e2RP3p334D17r5/REW84s8x+wHv/AFAaowE=</latexit><latexit sha1_base64="rTiU45v3RDBHw1mr+/nE9lOQiTQ=">AAACInicbVDLSgMxFM34tr6qLt1cLIILKVMRfKyKLnSpaG2hU0omvdVgJjMkd8Qy7b+48VfcuPC1EvwY01rB14HA4Zxzk9wTJkpa8v03b2R0bHxicmo6NzM7N7+QX1w6t3FqBFZErGJTC7lFJTVWSJLCWmKQR6HCanh10Per12isjPUZdRJsRPxCy7YUnJzUzO8FhDeUJlnEb6AHQQbd0y4EG3vBBpzClwmWuLsRLBJI7XKHEPSa+YJf9AeAv6Q0JAU2xHEz/xK0YpFGqEkobm295CfUyLghKRT2ckFqMeHiil9g3VHNI7SNbLBjD9ac0oJ2bNzRBAP1+0TGI2s7UeiSEadL+9vri/959ZTaO41M6iQl1OLzoXaqgGLoFwYtaVCQ6jjChZHuryAuueGCXK05V0Lp98p/SWWzuFv0T7YK5f1hG1Nsha2ydVZi26zMjtgxqzDBbtk9e2RP3p334D17r5/REW84s8x+wHv/AFAaowE=</latexit><latexit sha1_base64="rTiU45v3RDBHw1mr+/nE9lOQiTQ=">AAACInicbVDLSgMxFM34tr6qLt1cLIILKVMRfKyKLnSpaG2hU0omvdVgJjMkd8Qy7b+48VfcuPC1EvwY01rB14HA4Zxzk9wTJkpa8v03b2R0bHxicmo6NzM7N7+QX1w6t3FqBFZErGJTC7lFJTVWSJLCWmKQR6HCanh10Per12isjPUZdRJsRPxCy7YUnJzUzO8FhDeUJlnEb6AHQQbd0y4EG3vBBpzClwmWuLsRLBJI7XKHEPSa+YJf9AeAv6Q0JAU2xHEz/xK0YpFGqEkobm295CfUyLghKRT2ckFqMeHiil9g3VHNI7SNbLBjD9ac0oJ2bNzRBAP1+0TGI2s7UeiSEadL+9vri/959ZTaO41M6iQl1OLzoXaqgGLoFwYtaVCQ6jjChZHuryAuueGCXK05V0Lp98p/SWWzuFv0T7YK5f1hG1Nsha2ydVZi26zMjtgxqzDBbtk9e2RP3p334D17r5/REW84s8x+wHv/AFAaowE=</latexit>

S ✓ [n] is stable if
<latexit sha1_base64="7qShzQXxlakmuAlMwK3Q5B6EDCU=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBShYsIahe0sYzomUByhL3NXLJkb+/cnRPDkb9g41+xsVCxtbTz37j5KDTxwcDjvZndmRckUhh03W9nYXFpeWU1t5Zf39jc2i7s7N6aONUcPB7LWDcCZkAKBR4KlNBINLAokFAP+hcjv34P2ohY3eAgAT9iXSVCwRlaqV0oXdOWSQMDCHe0qXzaQnjANMmoMNQgs+9QEdIhbReKbtkdg86TypQUyRS1duGr1Yl5GoFCLpkxzYqboJ8xjYJLGOZbqYGE8T7rQtNSxSIwfja+aEgPrdKhYaxtKaRj9fdExiJjBlFgOyOGPTPrjcT/vGaK4amfCZWkCIpPPgpTSTGmo3hoR2jgKAeWMK6F3ZXyHtOMow0xb0OozJ48T7yj8lnZvTouVs+naeTIPjkgJVIhJ6RKLkmNeISTR/JMXsmb8+S8OO/Ox6R1wZnO7JE/cD5/AKDXnHM=</latexit><latexit sha1_base64="7qShzQXxlakmuAlMwK3Q5B6EDCU=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBShYsIahe0sYzomUByhL3NXLJkb+/cnRPDkb9g41+xsVCxtbTz37j5KDTxwcDjvZndmRckUhh03W9nYXFpeWU1t5Zf39jc2i7s7N6aONUcPB7LWDcCZkAKBR4KlNBINLAokFAP+hcjv34P2ohY3eAgAT9iXSVCwRlaqV0oXdOWSQMDCHe0qXzaQnjANMmoMNQgs+9QEdIhbReKbtkdg86TypQUyRS1duGr1Yl5GoFCLpkxzYqboJ8xjYJLGOZbqYGE8T7rQtNSxSIwfja+aEgPrdKhYaxtKaRj9fdExiJjBlFgOyOGPTPrjcT/vGaK4amfCZWkCIpPPgpTSTGmo3hoR2jgKAeWMK6F3ZXyHtOMow0xb0OozJ48T7yj8lnZvTouVs+naeTIPjkgJVIhJ6RKLkmNeISTR/JMXsmb8+S8OO/Ox6R1wZnO7JE/cD5/AKDXnHM=</latexit><latexit sha1_base64="7qShzQXxlakmuAlMwK3Q5B6EDCU=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBShYsIahe0sYzomUByhL3NXLJkb+/cnRPDkb9g41+xsVCxtbTz37j5KDTxwcDjvZndmRckUhh03W9nYXFpeWU1t5Zf39jc2i7s7N6aONUcPB7LWDcCZkAKBR4KlNBINLAokFAP+hcjv34P2ohY3eAgAT9iXSVCwRlaqV0oXdOWSQMDCHe0qXzaQnjANMmoMNQgs+9QEdIhbReKbtkdg86TypQUyRS1duGr1Yl5GoFCLpkxzYqboJ8xjYJLGOZbqYGE8T7rQtNSxSIwfja+aEgPrdKhYaxtKaRj9fdExiJjBlFgOyOGPTPrjcT/vGaK4amfCZWkCIpPPgpTSTGmo3hoR2jgKAeWMK6F3ZXyHtOMow0xb0OozJ48T7yj8lnZvTouVs+naeTIPjkgJVIhJ6RKLkmNeISTR/JMXsmb8+S8OO/Ox6R1wZnO7JE/cD5/AKDXnHM=</latexit>

8 i, j 2 S, ij 62 E
<latexit sha1_base64="r52vAJTkTThxDI6JbhytRKMGg4s=">AAACEHicbVDLSgMxFM3UV62vUZdugkXoYigzIqi7ogguKzq20BlKJs20sZlkSDJCKf0FN/6KGxcqbl26829Mp7PQ6oHAuefcS+49Ucqo0q77ZZUWFpeWV8qrlbX1jc0te3vnVolMYuJjwYRsR0gRRjnxNdWMtFNJUBIx0oqG51O/dU+kooLf6FFKwgT1OY0pRtpIXbsWxEIixmDgBA517mBAObx2ZqWpuNC5dNG1q27dzQH/Eq8gVVCg2bU/g57AWUK4xgwp1fHcVIdjJDXFjEwqQaZIivAQ9UnHUI4SosJxftEEHhilB81q5nENc/XnxBglSo2SyHQmSA/UvDcV//M6mY5PwjHlaaYJx7OP4oxBLeA0HtijkmDNRoYgLKnZFeIBkghrE2LFhODNn/yX+If107p7dVRtnBVplMEe2Ac14IFj0ACXoAl8gMEDeAIv4NV6tJ6tN+t91lqyipld8AvWxzemzZqT</latexit><latexit sha1_base64="r52vAJTkTThxDI6JbhytRKMGg4s=">AAACEHicbVDLSgMxFM3UV62vUZdugkXoYigzIqi7ogguKzq20BlKJs20sZlkSDJCKf0FN/6KGxcqbl26829Mp7PQ6oHAuefcS+49Ucqo0q77ZZUWFpeWV8qrlbX1jc0te3vnVolMYuJjwYRsR0gRRjnxNdWMtFNJUBIx0oqG51O/dU+kooLf6FFKwgT1OY0pRtpIXbsWxEIixmDgBA517mBAObx2ZqWpuNC5dNG1q27dzQH/Eq8gVVCg2bU/g57AWUK4xgwp1fHcVIdjJDXFjEwqQaZIivAQ9UnHUI4SosJxftEEHhilB81q5nENc/XnxBglSo2SyHQmSA/UvDcV//M6mY5PwjHlaaYJx7OP4oxBLeA0HtijkmDNRoYgLKnZFeIBkghrE2LFhODNn/yX+If107p7dVRtnBVplMEe2Ac14IFj0ACXoAl8gMEDeAIv4NV6tJ6tN+t91lqyipld8AvWxzemzZqT</latexit><latexit sha1_base64="r52vAJTkTThxDI6JbhytRKMGg4s=">AAACEHicbVDLSgMxFM3UV62vUZdugkXoYigzIqi7ogguKzq20BlKJs20sZlkSDJCKf0FN/6KGxcqbl26829Mp7PQ6oHAuefcS+49Ucqo0q77ZZUWFpeWV8qrlbX1jc0te3vnVolMYuJjwYRsR0gRRjnxNdWMtFNJUBIx0oqG51O/dU+kooLf6FFKwgT1OY0pRtpIXbsWxEIixmDgBA517mBAObx2ZqWpuNC5dNG1q27dzQH/Eq8gVVCg2bU/g57AWUK4xgwp1fHcVIdjJDXFjEwqQaZIivAQ9UnHUI4SosJxftEEHhilB81q5nENc/XnxBglSo2SyHQmSA/UvDcV//M6mY5PwjHlaaYJx7OP4oxBLeA0HtijkmDNRoYgLKnZFeIBkghrE2LFhODNn/yX+If107p7dVRtnBVplMEe2Ac14IFj0ACXoAl8gMEDeAIv4NV6tJ6tN+t91lqyipld8AvWxzemzZqT</latexit>



Stable set problem: 

G = ([n], E)
<latexit sha1_base64="SFUzvOxbuL49L16+yiWTmmIIABM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIVQT0IRRE9VnBtYbuUbJptQ7PJkmSFsvRnePGg4tV/481/Y9ruQVsfDDzem2FmXphwpo3rfjsLi0vLK6uFteL6xubWdmln91HLVBHqEcmlaoVYU84E9QwznLYSRXEcctoMB9djv/lElWZSPJhhQoMY9wSLGMHGSv4tukQVXwTHN0edUtmtuhOgeVLLSRlyNDqlr3ZXkjSmwhCOtfZrbmKCDCvDCKejYjvVNMFkgHvUt1TgmOogm5w8QodW6aJIKlvCoIn6eyLDsdbDOLSdMTZ9PeuNxf88PzXReZAxkaSGCjJdFKUcGYnG/6MuU5QYPrQEE8XsrYj0scLE2JSKNoTa7MvzxDupXlTd+9Ny/SpPowD7cAAVqMEZ1OEOGuABAQnP8ApvjnFenHfnY9q64OQze/AHzucPJz2PZw==</latexit><latexit sha1_base64="SFUzvOxbuL49L16+yiWTmmIIABM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIVQT0IRRE9VnBtYbuUbJptQ7PJkmSFsvRnePGg4tV/481/Y9ruQVsfDDzem2FmXphwpo3rfjsLi0vLK6uFteL6xubWdmln91HLVBHqEcmlaoVYU84E9QwznLYSRXEcctoMB9djv/lElWZSPJhhQoMY9wSLGMHGSv4tukQVXwTHN0edUtmtuhOgeVLLSRlyNDqlr3ZXkjSmwhCOtfZrbmKCDCvDCKejYjvVNMFkgHvUt1TgmOogm5w8QodW6aJIKlvCoIn6eyLDsdbDOLSdMTZ9PeuNxf88PzXReZAxkaSGCjJdFKUcGYnG/6MuU5QYPrQEE8XsrYj0scLE2JSKNoTa7MvzxDupXlTd+9Ny/SpPowD7cAAVqMEZ1OEOGuABAQnP8ApvjnFenHfnY9q64OQze/AHzucPJz2PZw==</latexit><latexit sha1_base64="SFUzvOxbuL49L16+yiWTmmIIABM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIVQT0IRRE9VnBtYbuUbJptQ7PJkmSFsvRnePGg4tV/481/Y9ruQVsfDDzem2FmXphwpo3rfjsLi0vLK6uFteL6xubWdmln91HLVBHqEcmlaoVYU84E9QwznLYSRXEcctoMB9djv/lElWZSPJhhQoMY9wSLGMHGSv4tukQVXwTHN0edUtmtuhOgeVLLSRlyNDqlr3ZXkjSmwhCOtfZrbmKCDCvDCKejYjvVNMFkgHvUt1TgmOogm5w8QodW6aJIKlvCoIn6eyLDsdbDOLSdMTZ9PeuNxf88PzXReZAxkaSGCjJdFKUcGYnG/6MuU5QYPrQEE8XsrYj0scLE2JSKNoTa7MvzxDupXlTd+9Ny/SpPowD7cAAVqMEZ1OEOGuABAQnP8ApvjnFenHfnY9q64OQze/AHzucPJz2PZw==</latexit>

max {|S| : S stable set in G}
<latexit sha1_base64="rTiU45v3RDBHw1mr+/nE9lOQiTQ=">AAACInicbVDLSgMxFM34tr6qLt1cLIILKVMRfKyKLnSpaG2hU0omvdVgJjMkd8Qy7b+48VfcuPC1EvwY01rB14HA4Zxzk9wTJkpa8v03b2R0bHxicmo6NzM7N7+QX1w6t3FqBFZErGJTC7lFJTVWSJLCWmKQR6HCanh10Per12isjPUZdRJsRPxCy7YUnJzUzO8FhDeUJlnEb6AHQQbd0y4EG3vBBpzClwmWuLsRLBJI7XKHEPSa+YJf9AeAv6Q0JAU2xHEz/xK0YpFGqEkobm295CfUyLghKRT2ckFqMeHiil9g3VHNI7SNbLBjD9ac0oJ2bNzRBAP1+0TGI2s7UeiSEadL+9vri/959ZTaO41M6iQl1OLzoXaqgGLoFwYtaVCQ6jjChZHuryAuueGCXK05V0Lp98p/SWWzuFv0T7YK5f1hG1Nsha2ydVZi26zMjtgxqzDBbtk9e2RP3p334D17r5/REW84s8x+wHv/AFAaowE=</latexit><latexit sha1_base64="rTiU45v3RDBHw1mr+/nE9lOQiTQ=">AAACInicbVDLSgMxFM34tr6qLt1cLIILKVMRfKyKLnSpaG2hU0omvdVgJjMkd8Qy7b+48VfcuPC1EvwY01rB14HA4Zxzk9wTJkpa8v03b2R0bHxicmo6NzM7N7+QX1w6t3FqBFZErGJTC7lFJTVWSJLCWmKQR6HCanh10Per12isjPUZdRJsRPxCy7YUnJzUzO8FhDeUJlnEb6AHQQbd0y4EG3vBBpzClwmWuLsRLBJI7XKHEPSa+YJf9AeAv6Q0JAU2xHEz/xK0YpFGqEkobm295CfUyLghKRT2ckFqMeHiil9g3VHNI7SNbLBjD9ac0oJ2bNzRBAP1+0TGI2s7UeiSEadL+9vri/959ZTaO41M6iQl1OLzoXaqgGLoFwYtaVCQ6jjChZHuryAuueGCXK05V0Lp98p/SWWzuFv0T7YK5f1hG1Nsha2ydVZi26zMjtgxqzDBbtk9e2RP3p334D17r5/REW84s8x+wHv/AFAaowE=</latexit><latexit sha1_base64="rTiU45v3RDBHw1mr+/nE9lOQiTQ=">AAACInicbVDLSgMxFM34tr6qLt1cLIILKVMRfKyKLnSpaG2hU0omvdVgJjMkd8Qy7b+48VfcuPC1EvwY01rB14HA4Zxzk9wTJkpa8v03b2R0bHxicmo6NzM7N7+QX1w6t3FqBFZErGJTC7lFJTVWSJLCWmKQR6HCanh10Per12isjPUZdRJsRPxCy7YUnJzUzO8FhDeUJlnEb6AHQQbd0y4EG3vBBpzClwmWuLsRLBJI7XKHEPSa+YJf9AeAv6Q0JAU2xHEz/xK0YpFGqEkobm295CfUyLghKRT2ckFqMeHiil9g3VHNI7SNbLBjD9ac0oJ2bNzRBAP1+0TGI2s7UeiSEadL+9vri/959ZTaO41M6iQl1OLzoXaqgGLoFwYtaVCQ6jjChZHuryAuueGCXK05V0Lp98p/SWWzuFv0T7YK5f1hG1Nsha2ydVZi26zMjtgxqzDBbtk9e2RP3p334D17r5/REW84s8x+wHv/AFAaowE=</latexit>

S $ �S where (�S)i =

⇢
1 if i 2 S
0 if i 62 S

<latexit sha1_base64="6E9fD+zRr+XZfnbK6YxWAjIxfMQ="></latexit><latexit sha1_base64="6E9fD+zRr+XZfnbK6YxWAjIxfMQ="></latexit><latexit sha1_base64="6E9fD+zRr+XZfnbK6YxWAjIxfMQ="></latexit>

S ✓ [n] is stable if
<latexit sha1_base64="7qShzQXxlakmuAlMwK3Q5B6EDCU=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBShYsIahe0sYzomUByhL3NXLJkb+/cnRPDkb9g41+xsVCxtbTz37j5KDTxwcDjvZndmRckUhh03W9nYXFpeWU1t5Zf39jc2i7s7N6aONUcPB7LWDcCZkAKBR4KlNBINLAokFAP+hcjv34P2ohY3eAgAT9iXSVCwRlaqV0oXdOWSQMDCHe0qXzaQnjANMmoMNQgs+9QEdIhbReKbtkdg86TypQUyRS1duGr1Yl5GoFCLpkxzYqboJ8xjYJLGOZbqYGE8T7rQtNSxSIwfja+aEgPrdKhYaxtKaRj9fdExiJjBlFgOyOGPTPrjcT/vGaK4amfCZWkCIpPPgpTSTGmo3hoR2jgKAeWMK6F3ZXyHtOMow0xb0OozJ48T7yj8lnZvTouVs+naeTIPjkgJVIhJ6RKLkmNeISTR/JMXsmb8+S8OO/Ox6R1wZnO7JE/cD5/AKDXnHM=</latexit><latexit sha1_base64="7qShzQXxlakmuAlMwK3Q5B6EDCU=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBShYsIahe0sYzomUByhL3NXLJkb+/cnRPDkb9g41+xsVCxtbTz37j5KDTxwcDjvZndmRckUhh03W9nYXFpeWU1t5Zf39jc2i7s7N6aONUcPB7LWDcCZkAKBR4KlNBINLAokFAP+hcjv34P2ohY3eAgAT9iXSVCwRlaqV0oXdOWSQMDCHe0qXzaQnjANMmoMNQgs+9QEdIhbReKbtkdg86TypQUyRS1duGr1Yl5GoFCLpkxzYqboJ8xjYJLGOZbqYGE8T7rQtNSxSIwfja+aEgPrdKhYaxtKaRj9fdExiJjBlFgOyOGPTPrjcT/vGaK4amfCZWkCIpPPgpTSTGmo3hoR2jgKAeWMK6F3ZXyHtOMow0xb0OozJ48T7yj8lnZvTouVs+naeTIPjkgJVIhJ6RKLkmNeISTR/JMXsmb8+S8OO/Ox6R1wZnO7JE/cD5/AKDXnHM=</latexit><latexit sha1_base64="7qShzQXxlakmuAlMwK3Q5B6EDCU=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBShYsIahe0sYzomUByhL3NXLJkb+/cnRPDkb9g41+xsVCxtbTz37j5KDTxwcDjvZndmRckUhh03W9nYXFpeWU1t5Zf39jc2i7s7N6aONUcPB7LWDcCZkAKBR4KlNBINLAokFAP+hcjv34P2ohY3eAgAT9iXSVCwRlaqV0oXdOWSQMDCHe0qXzaQnjANMmoMNQgs+9QEdIhbReKbtkdg86TypQUyRS1duGr1Yl5GoFCLpkxzYqboJ8xjYJLGOZbqYGE8T7rQtNSxSIwfja+aEgPrdKhYaxtKaRj9fdExiJjBlFgOyOGPTPrjcT/vGaK4amfCZWkCIpPPgpTSTGmo3hoR2jgKAeWMK6F3ZXyHtOMow0xb0OozJ48T7yj8lnZvTouVs+naeTIPjkgJVIhJ6RKLkmNeISTR/JMXsmb8+S8OO/Ox6R1wZnO7JE/cD5/AKDXnHM=</latexit>

8 i, j 2 S, ij 62 E
<latexit sha1_base64="r52vAJTkTThxDI6JbhytRKMGg4s=">AAACEHicbVDLSgMxFM3UV62vUZdugkXoYigzIqi7ogguKzq20BlKJs20sZlkSDJCKf0FN/6KGxcqbl26829Mp7PQ6oHAuefcS+49Ucqo0q77ZZUWFpeWV8qrlbX1jc0te3vnVolMYuJjwYRsR0gRRjnxNdWMtFNJUBIx0oqG51O/dU+kooLf6FFKwgT1OY0pRtpIXbsWxEIixmDgBA517mBAObx2ZqWpuNC5dNG1q27dzQH/Eq8gVVCg2bU/g57AWUK4xgwp1fHcVIdjJDXFjEwqQaZIivAQ9UnHUI4SosJxftEEHhilB81q5nENc/XnxBglSo2SyHQmSA/UvDcV//M6mY5PwjHlaaYJx7OP4oxBLeA0HtijkmDNRoYgLKnZFeIBkghrE2LFhODNn/yX+If107p7dVRtnBVplMEe2Ac14IFj0ACXoAl8gMEDeAIv4NV6tJ6tN+t91lqyipld8AvWxzemzZqT</latexit><latexit sha1_base64="r52vAJTkTThxDI6JbhytRKMGg4s=">AAACEHicbVDLSgMxFM3UV62vUZdugkXoYigzIqi7ogguKzq20BlKJs20sZlkSDJCKf0FN/6KGxcqbl26829Mp7PQ6oHAuefcS+49Ucqo0q77ZZUWFpeWV8qrlbX1jc0te3vnVolMYuJjwYRsR0gRRjnxNdWMtFNJUBIx0oqG51O/dU+kooLf6FFKwgT1OY0pRtpIXbsWxEIixmDgBA517mBAObx2ZqWpuNC5dNG1q27dzQH/Eq8gVVCg2bU/g57AWUK4xgwp1fHcVIdjJDXFjEwqQaZIivAQ9UnHUI4SosJxftEEHhilB81q5nENc/XnxBglSo2SyHQmSA/UvDcV//M6mY5PwjHlaaYJx7OP4oxBLeA0HtijkmDNRoYgLKnZFeIBkghrE2LFhODNn/yX+If107p7dVRtnBVplMEe2Ac14IFj0ACXoAl8gMEDeAIv4NV6tJ6tN+t91lqyipld8AvWxzemzZqT</latexit><latexit sha1_base64="r52vAJTkTThxDI6JbhytRKMGg4s=">AAACEHicbVDLSgMxFM3UV62vUZdugkXoYigzIqi7ogguKzq20BlKJs20sZlkSDJCKf0FN/6KGxcqbl26829Mp7PQ6oHAuefcS+49Ucqo0q77ZZUWFpeWV8qrlbX1jc0te3vnVolMYuJjwYRsR0gRRjnxNdWMtFNJUBIx0oqG51O/dU+kooLf6FFKwgT1OY0pRtpIXbsWxEIixmDgBA517mBAObx2ZqWpuNC5dNG1q27dzQH/Eq8gVVCg2bU/g57AWUK4xgwp1fHcVIdjJDXFjEwqQaZIivAQ9UnHUI4SosJxftEEHhilB81q5nENc/XnxBglSo2SyHQmSA/UvDcV//M6mY5PwjHlaaYJx7OP4oxBLeA0HtijkmDNRoYgLKnZFeIBkghrE2LFhODNn/yX+If107p7dVRtnBVplMEe2Ac14IFj0ACXoAl8gMEDeAIv4NV6tJ6tN+t91lqyipld8AvWxzemzZqT</latexit>

max

8
<

:
X

i2[n]

xi :

x

2
i = xi 8 i 2 [n]

xixj = 0 8 ij 2 E

9
=

;
<latexit sha1_base64="hDLUGo3DcV2brIxuMOErZmd93zA="></latexit><latexit sha1_base64="hDLUGo3DcV2brIxuMOErZmd93zA="></latexit><latexit sha1_base64="hDLUGo3DcV2brIxuMOErZmd93zA="></latexit>



Stable set problem: 

G = ([n], E)
<latexit sha1_base64="SFUzvOxbuL49L16+yiWTmmIIABM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIVQT0IRRE9VnBtYbuUbJptQ7PJkmSFsvRnePGg4tV/481/Y9ruQVsfDDzem2FmXphwpo3rfjsLi0vLK6uFteL6xubWdmln91HLVBHqEcmlaoVYU84E9QwznLYSRXEcctoMB9djv/lElWZSPJhhQoMY9wSLGMHGSv4tukQVXwTHN0edUtmtuhOgeVLLSRlyNDqlr3ZXkjSmwhCOtfZrbmKCDCvDCKejYjvVNMFkgHvUt1TgmOogm5w8QodW6aJIKlvCoIn6eyLDsdbDOLSdMTZ9PeuNxf88PzXReZAxkaSGCjJdFKUcGYnG/6MuU5QYPrQEE8XsrYj0scLE2JSKNoTa7MvzxDupXlTd+9Ny/SpPowD7cAAVqMEZ1OEOGuABAQnP8ApvjnFenHfnY9q64OQze/AHzucPJz2PZw==</latexit><latexit sha1_base64="SFUzvOxbuL49L16+yiWTmmIIABM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIVQT0IRRE9VnBtYbuUbJptQ7PJkmSFsvRnePGg4tV/481/Y9ruQVsfDDzem2FmXphwpo3rfjsLi0vLK6uFteL6xubWdmln91HLVBHqEcmlaoVYU84E9QwznLYSRXEcctoMB9djv/lElWZSPJhhQoMY9wSLGMHGSv4tukQVXwTHN0edUtmtuhOgeVLLSRlyNDqlr3ZXkjSmwhCOtfZrbmKCDCvDCKejYjvVNMFkgHvUt1TgmOogm5w8QodW6aJIKlvCoIn6eyLDsdbDOLSdMTZ9PeuNxf88PzXReZAxkaSGCjJdFKUcGYnG/6MuU5QYPrQEE8XsrYj0scLE2JSKNoTa7MvzxDupXlTd+9Ny/SpPowD7cAAVqMEZ1OEOGuABAQnP8ApvjnFenHfnY9q64OQze/AHzucPJz2PZw==</latexit><latexit sha1_base64="SFUzvOxbuL49L16+yiWTmmIIABM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIVQT0IRRE9VnBtYbuUbJptQ7PJkmSFsvRnePGg4tV/481/Y9ruQVsfDDzem2FmXphwpo3rfjsLi0vLK6uFteL6xubWdmln91HLVBHqEcmlaoVYU84E9QwznLYSRXEcctoMB9djv/lElWZSPJhhQoMY9wSLGMHGSv4tukQVXwTHN0edUtmtuhOgeVLLSRlyNDqlr3ZXkjSmwhCOtfZrbmKCDCvDCKejYjvVNMFkgHvUt1TgmOogm5w8QodW6aJIKlvCoIn6eyLDsdbDOLSdMTZ9PeuNxf88PzXReZAxkaSGCjJdFKUcGYnG/6MuU5QYPrQEE8XsrYj0scLE2JSKNoTa7MvzxDupXlTd+9Ny/SpPowD7cAAVqMEZ1OEOGuABAQnP8ApvjnFenHfnY9q64OQze/AHzucPJz2PZw==</latexit>

max {|S| : S stable set in G}
<latexit sha1_base64="rTiU45v3RDBHw1mr+/nE9lOQiTQ=">AAACInicbVDLSgMxFM34tr6qLt1cLIILKVMRfKyKLnSpaG2hU0omvdVgJjMkd8Qy7b+48VfcuPC1EvwY01rB14HA4Zxzk9wTJkpa8v03b2R0bHxicmo6NzM7N7+QX1w6t3FqBFZErGJTC7lFJTVWSJLCWmKQR6HCanh10Per12isjPUZdRJsRPxCy7YUnJzUzO8FhDeUJlnEb6AHQQbd0y4EG3vBBpzClwmWuLsRLBJI7XKHEPSa+YJf9AeAv6Q0JAU2xHEz/xK0YpFGqEkobm295CfUyLghKRT2ckFqMeHiil9g3VHNI7SNbLBjD9ac0oJ2bNzRBAP1+0TGI2s7UeiSEadL+9vri/959ZTaO41M6iQl1OLzoXaqgGLoFwYtaVCQ6jjChZHuryAuueGCXK05V0Lp98p/SWWzuFv0T7YK5f1hG1Nsha2ydVZi26zMjtgxqzDBbtk9e2RP3p334D17r5/REW84s8x+wHv/AFAaowE=</latexit><latexit sha1_base64="rTiU45v3RDBHw1mr+/nE9lOQiTQ=">AAACInicbVDLSgMxFM34tr6qLt1cLIILKVMRfKyKLnSpaG2hU0omvdVgJjMkd8Qy7b+48VfcuPC1EvwY01rB14HA4Zxzk9wTJkpa8v03b2R0bHxicmo6NzM7N7+QX1w6t3FqBFZErGJTC7lFJTVWSJLCWmKQR6HCanh10Per12isjPUZdRJsRPxCy7YUnJzUzO8FhDeUJlnEb6AHQQbd0y4EG3vBBpzClwmWuLsRLBJI7XKHEPSa+YJf9AeAv6Q0JAU2xHEz/xK0YpFGqEkobm295CfUyLghKRT2ckFqMeHiil9g3VHNI7SNbLBjD9ac0oJ2bNzRBAP1+0TGI2s7UeiSEadL+9vri/959ZTaO41M6iQl1OLzoXaqgGLoFwYtaVCQ6jjChZHuryAuueGCXK05V0Lp98p/SWWzuFv0T7YK5f1hG1Nsha2ydVZi26zMjtgxqzDBbtk9e2RP3p334D17r5/REW84s8x+wHv/AFAaowE=</latexit><latexit sha1_base64="rTiU45v3RDBHw1mr+/nE9lOQiTQ=">AAACInicbVDLSgMxFM34tr6qLt1cLIILKVMRfKyKLnSpaG2hU0omvdVgJjMkd8Qy7b+48VfcuPC1EvwY01rB14HA4Zxzk9wTJkpa8v03b2R0bHxicmo6NzM7N7+QX1w6t3FqBFZErGJTC7lFJTVWSJLCWmKQR6HCanh10Per12isjPUZdRJsRPxCy7YUnJzUzO8FhDeUJlnEb6AHQQbd0y4EG3vBBpzClwmWuLsRLBJI7XKHEPSa+YJf9AeAv6Q0JAU2xHEz/xK0YpFGqEkobm295CfUyLghKRT2ckFqMeHiil9g3VHNI7SNbLBjD9ac0oJ2bNzRBAP1+0TGI2s7UeiSEadL+9vri/959ZTaO41M6iQl1OLzoXaqgGLoFwYtaVCQ6jjChZHuryAuueGCXK05V0Lp98p/SWWzuFv0T7YK5f1hG1Nsha2ydVZi26zMjtgxqzDBbtk9e2RP3p334D17r5/REW84s8x+wHv/AFAaowE=</latexit>

S $ �S where (�S)i =

⇢
1 if i 2 S
0 if i 62 S

<latexit sha1_base64="6E9fD+zRr+XZfnbK6YxWAjIxfMQ="></latexit><latexit sha1_base64="6E9fD+zRr+XZfnbK6YxWAjIxfMQ="></latexit><latexit sha1_base64="6E9fD+zRr+XZfnbK6YxWAjIxfMQ="></latexit>

S ✓ [n] is stable if
<latexit sha1_base64="7qShzQXxlakmuAlMwK3Q5B6EDCU=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBShYsIahe0sYzomUByhL3NXLJkb+/cnRPDkb9g41+xsVCxtbTz37j5KDTxwcDjvZndmRckUhh03W9nYXFpeWU1t5Zf39jc2i7s7N6aONUcPB7LWDcCZkAKBR4KlNBINLAokFAP+hcjv34P2ohY3eAgAT9iXSVCwRlaqV0oXdOWSQMDCHe0qXzaQnjANMmoMNQgs+9QEdIhbReKbtkdg86TypQUyRS1duGr1Yl5GoFCLpkxzYqboJ8xjYJLGOZbqYGE8T7rQtNSxSIwfja+aEgPrdKhYaxtKaRj9fdExiJjBlFgOyOGPTPrjcT/vGaK4amfCZWkCIpPPgpTSTGmo3hoR2jgKAeWMK6F3ZXyHtOMow0xb0OozJ48T7yj8lnZvTouVs+naeTIPjkgJVIhJ6RKLkmNeISTR/JMXsmb8+S8OO/Ox6R1wZnO7JE/cD5/AKDXnHM=</latexit><latexit sha1_base64="7qShzQXxlakmuAlMwK3Q5B6EDCU=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBShYsIahe0sYzomUByhL3NXLJkb+/cnRPDkb9g41+xsVCxtbTz37j5KDTxwcDjvZndmRckUhh03W9nYXFpeWU1t5Zf39jc2i7s7N6aONUcPB7LWDcCZkAKBR4KlNBINLAokFAP+hcjv34P2ohY3eAgAT9iXSVCwRlaqV0oXdOWSQMDCHe0qXzaQnjANMmoMNQgs+9QEdIhbReKbtkdg86TypQUyRS1duGr1Yl5GoFCLpkxzYqboJ8xjYJLGOZbqYGE8T7rQtNSxSIwfja+aEgPrdKhYaxtKaRj9fdExiJjBlFgOyOGPTPrjcT/vGaK4amfCZWkCIpPPgpTSTGmo3hoR2jgKAeWMK6F3ZXyHtOMow0xb0OozJ48T7yj8lnZvTouVs+naeTIPjkgJVIhJ6RKLkmNeISTR/JMXsmb8+S8OO/Ox6R1wZnO7JE/cD5/AKDXnHM=</latexit><latexit sha1_base64="7qShzQXxlakmuAlMwK3Q5B6EDCU=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBShYsIahe0sYzomUByhL3NXLJkb+/cnRPDkb9g41+xsVCxtbTz37j5KDTxwcDjvZndmRckUhh03W9nYXFpeWU1t5Zf39jc2i7s7N6aONUcPB7LWDcCZkAKBR4KlNBINLAokFAP+hcjv34P2ohY3eAgAT9iXSVCwRlaqV0oXdOWSQMDCHe0qXzaQnjANMmoMNQgs+9QEdIhbReKbtkdg86TypQUyRS1duGr1Yl5GoFCLpkxzYqboJ8xjYJLGOZbqYGE8T7rQtNSxSIwfja+aEgPrdKhYaxtKaRj9fdExiJjBlFgOyOGPTPrjcT/vGaK4amfCZWkCIpPPgpTSTGmo3hoR2jgKAeWMK6F3ZXyHtOMow0xb0OozJ48T7yj8lnZvTouVs+naeTIPjkgJVIhJ6RKLkmNeISTR/JMXsmb8+S8OO/Ox6R1wZnO7JE/cD5/AKDXnHM=</latexit>

8 i, j 2 S, ij 62 E
<latexit sha1_base64="r52vAJTkTThxDI6JbhytRKMGg4s=">AAACEHicbVDLSgMxFM3UV62vUZdugkXoYigzIqi7ogguKzq20BlKJs20sZlkSDJCKf0FN/6KGxcqbl26829Mp7PQ6oHAuefcS+49Ucqo0q77ZZUWFpeWV8qrlbX1jc0te3vnVolMYuJjwYRsR0gRRjnxNdWMtFNJUBIx0oqG51O/dU+kooLf6FFKwgT1OY0pRtpIXbsWxEIixmDgBA517mBAObx2ZqWpuNC5dNG1q27dzQH/Eq8gVVCg2bU/g57AWUK4xgwp1fHcVIdjJDXFjEwqQaZIivAQ9UnHUI4SosJxftEEHhilB81q5nENc/XnxBglSo2SyHQmSA/UvDcV//M6mY5PwjHlaaYJx7OP4oxBLeA0HtijkmDNRoYgLKnZFeIBkghrE2LFhODNn/yX+If107p7dVRtnBVplMEe2Ac14IFj0ACXoAl8gMEDeAIv4NV6tJ6tN+t91lqyipld8AvWxzemzZqT</latexit><latexit sha1_base64="r52vAJTkTThxDI6JbhytRKMGg4s=">AAACEHicbVDLSgMxFM3UV62vUZdugkXoYigzIqi7ogguKzq20BlKJs20sZlkSDJCKf0FN/6KGxcqbl26829Mp7PQ6oHAuefcS+49Ucqo0q77ZZUWFpeWV8qrlbX1jc0te3vnVolMYuJjwYRsR0gRRjnxNdWMtFNJUBIx0oqG51O/dU+kooLf6FFKwgT1OY0pRtpIXbsWxEIixmDgBA517mBAObx2ZqWpuNC5dNG1q27dzQH/Eq8gVVCg2bU/g57AWUK4xgwp1fHcVIdjJDXFjEwqQaZIivAQ9UnHUI4SosJxftEEHhilB81q5nENc/XnxBglSo2SyHQmSA/UvDcV//M6mY5PwjHlaaYJx7OP4oxBLeA0HtijkmDNRoYgLKnZFeIBkghrE2LFhODNn/yX+If107p7dVRtnBVplMEe2Ac14IFj0ACXoAl8gMEDeAIv4NV6tJ6tN+t91lqyipld8AvWxzemzZqT</latexit><latexit sha1_base64="r52vAJTkTThxDI6JbhytRKMGg4s=">AAACEHicbVDLSgMxFM3UV62vUZdugkXoYigzIqi7ogguKzq20BlKJs20sZlkSDJCKf0FN/6KGxcqbl26829Mp7PQ6oHAuefcS+49Ucqo0q77ZZUWFpeWV8qrlbX1jc0te3vnVolMYuJjwYRsR0gRRjnxNdWMtFNJUBIx0oqG51O/dU+kooLf6FFKwgT1OY0pRtpIXbsWxEIixmDgBA517mBAObx2ZqWpuNC5dNG1q27dzQH/Eq8gVVCg2bU/g57AWUK4xgwp1fHcVIdjJDXFjEwqQaZIivAQ9UnHUI4SosJxftEEHhilB81q5nENc/XnxBglSo2SyHQmSA/UvDcV//M6mY5PwjHlaaYJx7OP4oxBLeA0HtijkmDNRoYgLKnZFeIBkghrE2LFhODNn/yX+If107p7dVRtnBVplMEe2Ac14IFj0ACXoAl8gMEDeAIv4NV6tJ6tN+t91lqyipld8AvWxzemzZqT</latexit>

max

8
<

:
X

i2[n]

xi :

x

2
i = xi 8 i 2 [n]

xixj = 0 8 ij 2 E

9
=

;
<latexit sha1_base64="hDLUGo3DcV2brIxuMOErZmd93zA="></latexit><latexit sha1_base64="hDLUGo3DcV2brIxuMOErZmd93zA="></latexit><latexit sha1_base64="hDLUGo3DcV2brIxuMOErZmd93zA="></latexit>

STAB(G)

= max

8
<

:
X

i2[n]

xi : x 2 conv{�S
: S stable }| {z }

9
=

;
<latexit sha1_base64="ymIc8yWx+0ibh8DZE4IvXfNAnac=">AAACbnicbVFNaxRBEO0Zv+L6tYkHD1EsXIQcwjIrQlQQgl48RuKawPY49PTW7Dbp6Rm6q8Muw1z9gd78D178B/ZsRtHEgobHq49X9TqvtXKUJN+j+Nr1Gzdvbd0e3Ll77/6D4fbOZ1d5K3EqK13Z01w41MrglBRpPK0tijLXeJKfve/yJ+donarMJ1rXmJZiYVShpKBAZcOvb4ETrsjXTSlW0ALXWBBvgDtfZo0CrgzMTNrCKl MAfP8N34fBakNzb+ZocyskNr+HyMqct127XKovx3398R8NcCTCap1O2w64VYslBTjIhqNknGwCroJJD0asj6Ns+I3PK+lLNCS1cG42SWpKG2FJSY1htHdYC3kmFjgL0IgSXdps/GrheWDmUFQ2PEOwYf/uaETp3LrMQ2UpaOku5zryf7mZp+JV2ihTe0IjL4QKr4Eq6MyHubIoSa8DENKqsCvIpQgGUviizoTJ5ZOvgumL8etx8vHl6PBd78YW22XP2B6bsAN2yD6wIzZlkv2IdqLd6HH0M34UP4mfXpTGUd/zkP0T8d4v3LW6Og==</latexit><latexit sha1_base64="ymIc8yWx+0ibh8DZE4IvXfNAnac=">AAACbnicbVFNaxRBEO0Zv+L6tYkHD1EsXIQcwjIrQlQQgl48RuKawPY49PTW7Dbp6Rm6q8Muw1z9gd78D178B/ZsRtHEgobHq49X9TqvtXKUJN+j+Nr1Gzdvbd0e3Ll77/6D4fbOZ1d5K3EqK13Z01w41MrglBRpPK0tijLXeJKfve/yJ+donarMJ1rXmJZiYVShpKBAZcOvb4ETrsjXTSlW0ALXWBBvgDtfZo0CrgzMTNrCKl MAfP8N34fBakNzb+ZocyskNr+HyMqct127XKovx3398R8NcCTCap1O2w64VYslBTjIhqNknGwCroJJD0asj6Ns+I3PK+lLNCS1cG42SWpKG2FJSY1htHdYC3kmFjgL0IgSXdps/GrheWDmUFQ2PEOwYf/uaETp3LrMQ2UpaOku5zryf7mZp+JV2ihTe0IjL4QKr4Eq6MyHubIoSa8DENKqsCvIpQgGUviizoTJ5ZOvgumL8etx8vHl6PBd78YW22XP2B6bsAN2yD6wIzZlkv2IdqLd6HH0M34UP4mfXpTGUd/zkP0T8d4v3LW6Og==</latexit><latexit sha1_base64="ymIc8yWx+0ibh8DZE4IvXfNAnac=">AAACbnicbVFNaxRBEO0Zv+L6tYkHD1EsXIQcwjIrQlQQgl48RuKawPY49PTW7Dbp6Rm6q8Muw1z9gd78D178B/ZsRtHEgobHq49X9TqvtXKUJN+j+Nr1Gzdvbd0e3Ll77/6D4fbOZ1d5K3EqK13Z01w41MrglBRpPK0tijLXeJKfve/yJ+donarMJ1rXmJZiYVShpKBAZcOvb4ETrsjXTSlW0ALXWBBvgDtfZo0CrgzMTNrCKl MAfP8N34fBakNzb+ZocyskNr+HyMqct127XKovx3398R8NcCTCap1O2w64VYslBTjIhqNknGwCroJJD0asj6Ns+I3PK+lLNCS1cG42SWpKG2FJSY1htHdYC3kmFjgL0IgSXdps/GrheWDmUFQ2PEOwYf/uaETp3LrMQ2UpaOku5zryf7mZp+JV2ihTe0IjL4QKr4Eq6MyHubIoSa8DENKqsCvIpQgGUviizoTJ5ZOvgumL8etx8vHl6PBd78YW22XP2B6bsAN2yD6wIzZlkv2IdqLd6HH0M34UP4mfXpTGUd/zkP0T8d4v3LW6Og==</latexit>



Lovàsz theta body of a graph 

Lovàsz (’79): TH(G) =

⇢
x 2 Rn : 9U s.t.

✓
1 x

>

x U

◆
⌫ 0

�

<latexit sha1_base64="GyA6Cl7XNcbDBTv6QvO/xSrSn7g="></latexit><latexit sha1_base64="GyA6Cl7XNcbDBTv6QvO/xSrSn7g="></latexit><latexit sha1_base64="GyA6Cl7XNcbDBTv6QvO/xSrSn7g="></latexit>

Uii = xi 8i, Uij = 0 8ij 2 E

<latexit sha1_base64="8sFGsuCwkkOwyZZL2xd0bkJK9Fg=">AAACJ3icbVBdS8MwFE3n15xfVR99CQ7BhzE6EdQHcSiCjxOsG6ylpFm2ZUvTkqTiKPs5vvhXfBFR0Uf/iWnXB7d5QuDknHvJvcePGJXKsr6NwsLi0vJKcbW0tr6xuWVu79zLMBaY2DhkoWj5SBJGObEVVYy0IkFQ4DPS9IdXqd98IELSkN+pUUTcAPU47VKMlJY888L2EkrH8Bw+ehQ6FX26oUCMQVrJnqk/SH1r2h1Ah3J47Zllq2plgPOklpMyyNHwzDenE+I4IFxhhqRs16xIuQkSimJGxiUnliRCeIh6pK0pRwGRbpItOoYHWulAPYK+XMFM/duRoEDKUeDrygCpvpz1UvE/rx2r7qmbUB7FinA8+agbM6hCmKYGO1QQrNhIE4QF1bNC3EcCYaWzLekQarMrzxP7qHpWtW6Py/XLPI0i2AP74BDUwAmogxvQADbA4Am8gHfwYTwbr8an8TUpLRh5zy6YgvHzC+ZfowM=</latexit><latexit sha1_base64="8sFGsuCwkkOwyZZL2xd0bkJK9Fg=">AAACJ3icbVBdS8MwFE3n15xfVR99CQ7BhzE6EdQHcSiCjxOsG6ylpFm2ZUvTkqTiKPs5vvhXfBFR0Uf/iWnXB7d5QuDknHvJvcePGJXKsr6NwsLi0vJKcbW0tr6xuWVu79zLMBaY2DhkoWj5SBJGObEVVYy0IkFQ4DPS9IdXqd98IELSkN+pUUTcAPU47VKMlJY888L2EkrH8Bw+ehQ6FX26oUCMQVrJnqk/SH1r2h1Ah3J47Zllq2plgPOklpMyyNHwzDenE+I4IFxhhqRs16xIuQkSimJGxiUnliRCeIh6pK0pRwGRbpItOoYHWulAPYK+XMFM/duRoEDKUeDrygCpvpz1UvE/rx2r7qmbUB7FinA8+agbM6hCmKYGO1QQrNhIE4QF1bNC3EcCYaWzLekQarMrzxP7qHpWtW6Py/XLPI0i2AP74BDUwAmogxvQADbA4Am8gHfwYTwbr8an8TUpLRh5zy6YgvHzC+ZfowM=</latexit><latexit sha1_base64="8sFGsuCwkkOwyZZL2xd0bkJK9Fg=">AAACJ3icbVBdS8MwFE3n15xfVR99CQ7BhzE6EdQHcSiCjxOsG6ylpFm2ZUvTkqTiKPs5vvhXfBFR0Uf/iWnXB7d5QuDknHvJvcePGJXKsr6NwsLi0vJKcbW0tr6xuWVu79zLMBaY2DhkoWj5SBJGObEVVYy0IkFQ4DPS9IdXqd98IELSkN+pUUTcAPU47VKMlJY888L2EkrH8Bw+ehQ6FX26oUCMQVrJnqk/SH1r2h1Ah3J47Zllq2plgPOklpMyyNHwzDenE+I4IFxhhqRs16xIuQkSimJGxiUnliRCeIh6pK0pRwGRbpItOoYHWulAPYK+XMFM/duRoEDKUeDrygCpvpz1UvE/rx2r7qmbUB7FinA8+agbM6hCmKYGO1QQrNhIE4QF1bNC3EcCYaWzLekQarMrzxP7qHpWtW6Py/XLPI0i2AP74BDUwAmogxvQADbA4Am8gHfwYTwbr8an8TUpLRh5zy6YgvHzC+ZfowM=</latexit>

TH(G)
<latexit sha1_base64="lXOVs4Lvxs+hRXvFXBJjQf7RD00=">AAAB93icbVDLTgJBEJz1ifhg1aOXicQEL2TXmKg3ogc5YsIKCWzI7DALE2Yfmekx4oYv8eJBjVd/xZt/4wB7ULCSTipV3enuClLBFTjOt7Wyura+sVnYKm7v7O6V7P2De5VoSZlHE5HIdkAUEzxmHnAQrJ1KRqJAsFYwupn6rQcmFU/iJoxT5kdkEPOQUwJG6tmlLrBH0GnWrE8qt6e4Z5edqjMDXiZuTsooR6Nnf3X7CdURi4EKolTHdVLwMyKBU8Emxa5WLCV0RAasY2hMIqb8bHb4BJ8YpY/DRJqKAc/U3xMZiZQaR4HpjAgM1aI3Ff/zOhrCSz/jcaqBxXS+KNQCQ4KnKeA+l4yCGBtCqOTmVkyHRBIKJquiCcFdfHmZeGfVq6pzd16uXedpFNAROkYV5KILVEN11EAeokijZ/SK3qwn68V6tz7mrStWPnOI/sD6/AFR/JJm</latexit><latexit sha1_base64="lXOVs4Lvxs+hRXvFXBJjQf7RD00=">AAAB93icbVDLTgJBEJz1ifhg1aOXicQEL2TXmKg3ogc5YsIKCWzI7DALE2Yfmekx4oYv8eJBjVd/xZt/4wB7ULCSTipV3enuClLBFTjOt7Wyura+sVnYKm7v7O6V7P2De5VoSZlHE5HIdkAUEzxmHnAQrJ1KRqJAsFYwupn6rQcmFU/iJoxT5kdkEPOQUwJG6tmlLrBH0GnWrE8qt6e4Z5edqjMDXiZuTsooR6Nnf3X7CdURi4EKolTHdVLwMyKBU8Emxa5WLCV0RAasY2hMIqb8bHb4BJ8YpY/DRJqKAc/U3xMZiZQaR4HpjAgM1aI3Ff/zOhrCSz/jcaqBxXS+KNQCQ4KnKeA+l4yCGBtCqOTmVkyHRBIKJquiCcFdfHmZeGfVq6pzd16uXedpFNAROkYV5KILVEN11EAeokijZ/SK3qwn68V6tz7mrStWPnOI/sD6/AFR/JJm</latexit><latexit sha1_base64="lXOVs4Lvxs+hRXvFXBJjQf7RD00=">AAAB93icbVDLTgJBEJz1ifhg1aOXicQEL2TXmKg3ogc5YsIKCWzI7DALE2Yfmekx4oYv8eJBjVd/xZt/4wB7ULCSTipV3enuClLBFTjOt7Wyura+sVnYKm7v7O6V7P2De5VoSZlHE5HIdkAUEzxmHnAQrJ1KRqJAsFYwupn6rQcmFU/iJoxT5kdkEPOQUwJG6tmlLrBH0GnWrE8qt6e4Z5edqjMDXiZuTsooR6Nnf3X7CdURi4EKolTHdVLwMyKBU8Emxa5WLCV0RAasY2hMIqb8bHb4BJ8YpY/DRJqKAc/U3xMZiZQaR4HpjAgM1aI3Ff/zOhrCSz/jcaqBxXS+KNQCQ4KnKeA+l4yCGBtCqOTmVkyHRBIKJquiCcFdfHmZeGfVq6pzd16uXedpFNAROkYV5KILVEN11EAeokijZ/SK3qwn68V6tz7mrStWPnOI/sD6/AFR/JJm</latexit>



Lovàsz theta body of a graph 

Lovàsz (’79): TH(G) =

⇢
x 2 Rn : 9U s.t.

✓
1 x

>

x U

◆
⌫ 0

�

<latexit sha1_base64="GyA6Cl7XNcbDBTv6QvO/xSrSn7g="></latexit><latexit sha1_base64="GyA6Cl7XNcbDBTv6QvO/xSrSn7g="></latexit><latexit sha1_base64="GyA6Cl7XNcbDBTv6QvO/xSrSn7g="></latexit>

Uii = xi 8i, Uij = 0 8ij 2 E

<latexit sha1_base64="8sFGsuCwkkOwyZZL2xd0bkJK9Fg=">AAACJ3icbVBdS8MwFE3n15xfVR99CQ7BhzE6EdQHcSiCjxOsG6ylpFm2ZUvTkqTiKPs5vvhXfBFR0Uf/iWnXB7d5QuDknHvJvcePGJXKsr6NwsLi0vJKcbW0tr6xuWVu79zLMBaY2DhkoWj5SBJGObEVVYy0IkFQ4DPS9IdXqd98IELSkN+pUUTcAPU47VKMlJY888L2EkrH8Bw+ehQ6FX26oUCMQVrJnqk/SH1r2h1Ah3J47Zllq2plgPOklpMyyNHwzDenE+I4IFxhhqRs16xIuQkSimJGxiUnliRCeIh6pK0pRwGRbpItOoYHWulAPYK+XMFM/duRoEDKUeDrygCpvpz1UvE/rx2r7qmbUB7FinA8+agbM6hCmKYGO1QQrNhIE4QF1bNC3EcCYaWzLekQarMrzxP7qHpWtW6Py/XLPI0i2AP74BDUwAmogxvQADbA4Am8gHfwYTwbr8an8TUpLRh5zy6YgvHzC+ZfowM=</latexit><latexit sha1_base64="8sFGsuCwkkOwyZZL2xd0bkJK9Fg=">AAACJ3icbVBdS8MwFE3n15xfVR99CQ7BhzE6EdQHcSiCjxOsG6ylpFm2ZUvTkqTiKPs5vvhXfBFR0Uf/iWnXB7d5QuDknHvJvcePGJXKsr6NwsLi0vJKcbW0tr6xuWVu79zLMBaY2DhkoWj5SBJGObEVVYy0IkFQ4DPS9IdXqd98IELSkN+pUUTcAPU47VKMlJY888L2EkrH8Bw+ehQ6FX26oUCMQVrJnqk/SH1r2h1Ah3J47Zllq2plgPOklpMyyNHwzDenE+I4IFxhhqRs16xIuQkSimJGxiUnliRCeIh6pK0pRwGRbpItOoYHWulAPYK+XMFM/duRoEDKUeDrygCpvpz1UvE/rx2r7qmbUB7FinA8+agbM6hCmKYGO1QQrNhIE4QF1bNC3EcCYaWzLekQarMrzxP7qHpWtW6Py/XLPI0i2AP74BDUwAmogxvQADbA4Am8gHfwYTwbr8an8TUpLRh5zy6YgvHzC+ZfowM=</latexit><latexit sha1_base64="8sFGsuCwkkOwyZZL2xd0bkJK9Fg=">AAACJ3icbVBdS8MwFE3n15xfVR99CQ7BhzE6EdQHcSiCjxOsG6ylpFm2ZUvTkqTiKPs5vvhXfBFR0Uf/iWnXB7d5QuDknHvJvcePGJXKsr6NwsLi0vJKcbW0tr6xuWVu79zLMBaY2DhkoWj5SBJGObEVVYy0IkFQ4DPS9IdXqd98IELSkN+pUUTcAPU47VKMlJY888L2EkrH8Bw+ehQ6FX26oUCMQVrJnqk/SH1r2h1Ah3J47Zllq2plgPOklpMyyNHwzDenE+I4IFxhhqRs16xIuQkSimJGxiUnliRCeIh6pK0pRwGRbpItOoYHWulAPYK+XMFM/duRoEDKUeDrygCpvpz1UvE/rx2r7qmbUB7FinA8+agbM6hCmKYGO1QQrNhIE4QF1bNC3EcCYaWzLekQarMrzxP7qHpWtW6Py/XLPI0i2AP74BDUwAmogxvQADbA4Am8gHfwYTwbr8an8TUpLRh5zy6YgvHzC+ZfowM=</latexit>

TH(G)
<latexit sha1_base64="lXOVs4Lvxs+hRXvFXBJjQf7RD00=">AAAB93icbVDLTgJBEJz1ifhg1aOXicQEL2TXmKg3ogc5YsIKCWzI7DALE2Yfmekx4oYv8eJBjVd/xZt/4wB7ULCSTipV3enuClLBFTjOt7Wyura+sVnYKm7v7O6V7P2De5VoSZlHE5HIdkAUEzxmHnAQrJ1KRqJAsFYwupn6rQcmFU/iJoxT5kdkEPOQUwJG6tmlLrBH0GnWrE8qt6e4Z5edqjMDXiZuTsooR6Nnf3X7CdURi4EKolTHdVLwMyKBU8Emxa5WLCV0RAasY2hMIqb8bHb4BJ8YpY/DRJqKAc/U3xMZiZQaR4HpjAgM1aI3Ff/zOhrCSz/jcaqBxXS+KNQCQ4KnKeA+l4yCGBtCqOTmVkyHRBIKJquiCcFdfHmZeGfVq6pzd16uXedpFNAROkYV5KILVEN11EAeokijZ/SK3qwn68V6tz7mrStWPnOI/sD6/AFR/JJm</latexit><latexit sha1_base64="lXOVs4Lvxs+hRXvFXBJjQf7RD00=">AAAB93icbVDLTgJBEJz1ifhg1aOXicQEL2TXmKg3ogc5YsIKCWzI7DALE2Yfmekx4oYv8eJBjVd/xZt/4wB7ULCSTipV3enuClLBFTjOt7Wyura+sVnYKm7v7O6V7P2De5VoSZlHE5HIdkAUEzxmHnAQrJ1KRqJAsFYwupn6rQcmFU/iJoxT5kdkEPOQUwJG6tmlLrBH0GnWrE8qt6e4Z5edqjMDXiZuTsooR6Nnf3X7CdURi4EKolTHdVLwMyKBU8Emxa5WLCV0RAasY2hMIqb8bHb4BJ8YpY/DRJqKAc/U3xMZiZQaR4HpjAgM1aI3Ff/zOhrCSz/jcaqBxXS+KNQCQ4KnKeA+l4yCGBtCqOTmVkyHRBIKJquiCcFdfHmZeGfVq6pzd16uXedpFNAROkYV5KILVEN11EAeokijZ/SK3qwn68V6tz7mrStWPnOI/sD6/AFR/JJm</latexit><latexit sha1_base64="lXOVs4Lvxs+hRXvFXBJjQf7RD00=">AAAB93icbVDLTgJBEJz1ifhg1aOXicQEL2TXmKg3ogc5YsIKCWzI7DALE2Yfmekx4oYv8eJBjVd/xZt/4wB7ULCSTipV3enuClLBFTjOt7Wyura+sVnYKm7v7O6V7P2De5VoSZlHE5HIdkAUEzxmHnAQrJ1KRqJAsFYwupn6rQcmFU/iJoxT5kdkEPOQUwJG6tmlLrBH0GnWrE8qt6e4Z5edqjMDXiZuTsooR6Nnf3X7CdURi4EKolTHdVLwMyKBU8Emxa5WLCV0RAasY2hMIqb8bHb4BJ8YpY/DRJqKAc/U3xMZiZQaR4HpjAgM1aI3Ff/zOhrCSz/jcaqBxXS+KNQCQ4KnKeA+l4yCGBtCqOTmVkyHRBIKJquiCcFdfHmZeGfVq6pzd16uXedpFNAROkYV5KILVEN11EAeokijZ/SK3qwn68V6tz7mrStWPnOI/sD6/AFR/JJm</latexit>

TH(G) is the projection of a spectrahedron
<latexit sha1_base64="jAE2TIOKDHMPtEWvsi5bv+d2LRA=">AAACJXicbVDLSgMxFM34rPVVdekmWATdlKkI6kIoutClQqtCW0omvWOjmSQkd8Qy9Gvc+CtuXFQRXPkrpg/B14XAueecy809kZHCYRi+BxOTU9Mzs7m5/PzC4tJyYWX1wunUcqhxLbW9ipgDKRTUUKCEK2OBJZGEy+j2eKBf3oF1Qqsqdg00E3atRCw4Q0+1CocNhHtMTVY97W2dbNOvlgpHsQPUWH0DfOClOqaMOuM7yzrQtlr1WoViWAqHRf+C8hgUybjOWoV+o615moBCLplz9XJosJkxi4JL6OUbqQPD+C27hrqHiiXgmtnwzB7d9Eybxtr6p5AO2e8TGUuc6yaRdyYMO+63NiD/0+opxvvNTCiTIig+WhSnkqKmg8xoW1h/tex6wLgV/q+Ud5hlHH2yeR9C+ffJf0Ftp3RQCs93i5WjcRo5sk42yBYpkz1SIafkjNQIJw/kifTJS/AYPAevwdvIOhGMZ9bIjwo+PgFeS6Xy</latexit><latexit sha1_base64="jAE2TIOKDHMPtEWvsi5bv+d2LRA=">AAACJXicbVDLSgMxFM34rPVVdekmWATdlKkI6kIoutClQqtCW0omvWOjmSQkd8Qy9Gvc+CtuXFQRXPkrpg/B14XAueecy809kZHCYRi+BxOTU9Mzs7m5/PzC4tJyYWX1wunUcqhxLbW9ipgDKRTUUKCEK2OBJZGEy+j2eKBf3oF1Qqsqdg00E3atRCw4Q0+1CocNhHtMTVY97W2dbNOvlgpHsQPUWH0DfOClOqaMOuM7yzrQtlr1WoViWAqHRf+C8hgUybjOWoV+o615moBCLplz9XJosJkxi4JL6OUbqQPD+C27hrqHiiXgmtnwzB7d9Eybxtr6p5AO2e8TGUuc6yaRdyYMO+63NiD/0+opxvvNTCiTIig+WhSnkqKmg8xoW1h/tex6wLgV/q+Ud5hlHH2yeR9C+ffJf0Ftp3RQCs93i5WjcRo5sk42yBYpkz1SIafkjNQIJw/kifTJS/AYPAevwdvIOhGMZ9bIjwo+PgFeS6Xy</latexit><latexit sha1_base64="jAE2TIOKDHMPtEWvsi5bv+d2LRA=">AAACJXicbVDLSgMxFM34rPVVdekmWATdlKkI6kIoutClQqtCW0omvWOjmSQkd8Qy9Gvc+CtuXFQRXPkrpg/B14XAueecy809kZHCYRi+BxOTU9Mzs7m5/PzC4tJyYWX1wunUcqhxLbW9ipgDKRTUUKCEK2OBJZGEy+j2eKBf3oF1Qqsqdg00E3atRCw4Q0+1CocNhHtMTVY97W2dbNOvlgpHsQPUWH0DfOClOqaMOuM7yzrQtlr1WoViWAqHRf+C8hgUybjOWoV+o615moBCLplz9XJosJkxi4JL6OUbqQPD+C27hrqHiiXgmtnwzB7d9Eybxtr6p5AO2e8TGUuc6yaRdyYMO+63NiD/0+opxvvNTCiTIig+WhSnkqKmg8xoW1h/tex6wLgV/q+Ud5hlHH2yeR9C+ffJf0Ftp3RQCs93i5WjcRo5sk42yBYpkz1SIafkjNQIJw/kifTJS/AYPAevwdvIOhGMZ9bIjwo+PgFeS6Xy</latexit>

Geometry:



Lovàsz theta body of a graph 

Lovàsz (’79): TH(G) =

⇢
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<latexit sha1_base64="GyA6Cl7XNcbDBTv6QvO/xSrSn7g="></latexit><latexit sha1_base64="GyA6Cl7XNcbDBTv6QvO/xSrSn7g="></latexit><latexit sha1_base64="GyA6Cl7XNcbDBTv6QvO/xSrSn7g="></latexit>

Uii = xi 8i, Uij = 0 8ij 2 E

<latexit sha1_base64="8sFGsuCwkkOwyZZL2xd0bkJK9Fg=">AAACJ3icbVBdS8MwFE3n15xfVR99CQ7BhzE6EdQHcSiCjxOsG6ylpFm2ZUvTkqTiKPs5vvhXfBFR0Uf/iWnXB7d5QuDknHvJvcePGJXKsr6NwsLi0vJKcbW0tr6xuWVu79zLMBaY2DhkoWj5SBJGObEVVYy0IkFQ4DPS9IdXqd98IELSkN+pUUTcAPU47VKMlJY888L2EkrH8Bw+ehQ6FX26oUCMQVrJnqk/SH1r2h1Ah3J47Zllq2plgPOklpMyyNHwzDenE+I4IFxhhqRs16xIuQkSimJGxiUnliRCeIh6pK0pRwGRbpItOoYHWulAPYK+XMFM/duRoEDKUeDrygCpvpz1UvE/rx2r7qmbUB7FinA8+agbM6hCmKYGO1QQrNhIE4QF1bNC3EcCYaWzLekQarMrzxP7qHpWtW6Py/XLPI0i2AP74BDUwAmogxvQADbA4Am8gHfwYTwbr8an8TUpLRh5zy6YgvHzC+ZfowM=</latexit><latexit sha1_base64="8sFGsuCwkkOwyZZL2xd0bkJK9Fg=">AAACJ3icbVBdS8MwFE3n15xfVR99CQ7BhzE6EdQHcSiCjxOsG6ylpFm2ZUvTkqTiKPs5vvhXfBFR0Uf/iWnXB7d5QuDknHvJvcePGJXKsr6NwsLi0vJKcbW0tr6xuWVu79zLMBaY2DhkoWj5SBJGObEVVYy0IkFQ4DPS9IdXqd98IELSkN+pUUTcAPU47VKMlJY888L2EkrH8Bw+ehQ6FX26oUCMQVrJnqk/SH1r2h1Ah3J47Zllq2plgPOklpMyyNHwzDenE+I4IFxhhqRs16xIuQkSimJGxiUnliRCeIh6pK0pRwGRbpItOoYHWulAPYK+XMFM/duRoEDKUeDrygCpvpz1UvE/rx2r7qmbUB7FinA8+agbM6hCmKYGO1QQrNhIE4QF1bNC3EcCYaWzLekQarMrzxP7qHpWtW6Py/XLPI0i2AP74BDUwAmogxvQADbA4Am8gHfwYTwbr8an8TUpLRh5zy6YgvHzC+ZfowM=</latexit><latexit sha1_base64="8sFGsuCwkkOwyZZL2xd0bkJK9Fg=">AAACJ3icbVBdS8MwFE3n15xfVR99CQ7BhzE6EdQHcSiCjxOsG6ylpFm2ZUvTkqTiKPs5vvhXfBFR0Uf/iWnXB7d5QuDknHvJvcePGJXKsr6NwsLi0vJKcbW0tr6xuWVu79zLMBaY2DhkoWj5SBJGObEVVYy0IkFQ4DPS9IdXqd98IELSkN+pUUTcAPU47VKMlJY888L2EkrH8Bw+ehQ6FX26oUCMQVrJnqk/SH1r2h1Ah3J47Zllq2plgPOklpMyyNHwzDenE+I4IFxhhqRs16xIuQkSimJGxiUnliRCeIh6pK0pRwGRbpItOoYHWulAPYK+XMFM/duRoEDKUeDrygCpvpz1UvE/rx2r7qmbUB7FinA8+agbM6hCmKYGO1QQrNhIE4QF1bNC3EcCYaWzLekQarMrzxP7qHpWtW6Py/XLPI0i2AP74BDUwAmogxvQADbA4Am8gHfwYTwbr8an8TUpLRh5zy6YgvHzC+ZfowM=</latexit>

Can optimize over TH(G) in polynomial time
<latexit sha1_base64="+nxMVOAP5vYI+ICLKvWtuwgMVHA=">AAACJnicbVDJSkMxFM1ztk5Vl26CRdBNeRVB3YjoQpcKVgttKXnprQYzkdwn1kf/xo2/4kZwQNz5KaaDoNYLgcMZktyTWCk8xvFHNDI6Nj4xOTWdm5mdm1/ILy6de5M6DmVupHGVhHmQQkMZBUqoWAdMJRIukuvDrn5xA84Lo8+wbaGu2KUWLcEZBqqR36sh3GJqs0OmqbEolLgDakKEnh131o826LeBCk2tkW1tlGCSBid0co18IS7GvaHDoDQABTKYk0b+udY0PFWgkUvmfbUUW6xnzKHgMlxYSz1Yxq/ZJVQD1EyBr2e9PTt0LTBN2jIuHI20x/5MZEx531ZJcCqGV/6v1iX/06optnbqmdA2RdC8/1ArDUsa2i2NNoUDjrIdAONOhL9SfsUc4xiq7ZZQ+rvyMChvFneL8elWYf9g0MYUWSGrZJ2UyDbZJ8fkhJQJJ/fkkbyQ1+gheoreove+dSQaZJbJr4k+vwC+V6YN</latexit><latexit sha1_base64="+nxMVOAP5vYI+ICLKvWtuwgMVHA=">AAACJnicbVDJSkMxFM1ztk5Vl26CRdBNeRVB3YjoQpcKVgttKXnprQYzkdwn1kf/xo2/4kZwQNz5KaaDoNYLgcMZktyTWCk8xvFHNDI6Nj4xOTWdm5mdm1/ILy6de5M6DmVupHGVhHmQQkMZBUqoWAdMJRIukuvDrn5xA84Lo8+wbaGu2KUWLcEZBqqR36sh3GJqs0OmqbEolLgDakKEnh131o826LeBCk2tkW1tlGCSBid0co18IS7GvaHDoDQABTKYk0b+udY0PFWgkUvmfbUUW6xnzKHgMlxYSz1Yxq/ZJVQD1EyBr2e9PTt0LTBN2jIuHI20x/5MZEx531ZJcCqGV/6v1iX/06optnbqmdA2RdC8/1ArDUsa2i2NNoUDjrIdAONOhL9SfsUc4xiq7ZZQ+rvyMChvFneL8elWYf9g0MYUWSGrZJ2UyDbZJ8fkhJQJJ/fkkbyQ1+gheoreove+dSQaZJbJr4k+vwC+V6YN</latexit><latexit sha1_base64="+nxMVOAP5vYI+ICLKvWtuwgMVHA=">AAACJnicbVDJSkMxFM1ztk5Vl26CRdBNeRVB3YjoQpcKVgttKXnprQYzkdwn1kf/xo2/4kZwQNz5KaaDoNYLgcMZktyTWCk8xvFHNDI6Nj4xOTWdm5mdm1/ILy6de5M6DmVupHGVhHmQQkMZBUqoWAdMJRIukuvDrn5xA84Lo8+wbaGu2KUWLcEZBqqR36sh3GJqs0OmqbEolLgDakKEnh131o826LeBCk2tkW1tlGCSBid0co18IS7GvaHDoDQABTKYk0b+udY0PFWgkUvmfbUUW6xnzKHgMlxYSz1Yxq/ZJVQD1EyBr2e9PTt0LTBN2jIuHI20x/5MZEx531ZJcCqGV/6v1iX/06optnbqmdA2RdC8/1ArDUsa2i2NNoUDjrIdAONOhL9SfsUc4xiq7ZZQ+rvyMChvFneL8elWYf9g0MYUWSGrZJ2UyDbZJ8fkhJQJJ/fkkbyQ1+gheoreove+dSQaZJbJr4k+vwC+V6YN</latexit>

using semidefinite programming

<latexit sha1_base64="4pMLezNntHWfRH+PZcVHHZVbEK4=">AAACD3icbVA9SwNBEN3zM8avqKXNYhCtwkUEtQvaWEbwTCAJYW8zlyzZ3Tt258Rw5CfY+FdsLFRsbe38N24+Ck18MPB4b4aZeWEihUXf//YWFpeWV1Zza/n1jc2t7cLO7p2NU8Mh4LGMTT1kFqTQEKBACfXEAFOhhFrYvxr5tXswVsT6FgcJtBTrahEJztBJ7cJRE+EB0yRLrdBdakGJDkRCCwSamLhrmFLOGLYLRb/kj0HnSXlKimSKarvw1ezEPFWgkUtmbaPsJ9jKmEHBJQzzzdRCwnifdaHhqGYKbCsbPzSkh07p0Cg2rjTSsfp7ImPK2oEKXadi2LOz3kj8z2ukGJ23MqGTFEHzyaIolRRjOkqHdoQBjnLgCONGuFsp7zHDOLoM8y6E8uzL8yQ4KV2U/JvTYuVymkaO7JMDckzK5IxUyDWpkoBw8kieySt58568F+/d+5i0LnjTmT3yB97nD/cDngE=</latexit><latexit sha1_base64="4pMLezNntHWfRH+PZcVHHZVbEK4=">AAACD3icbVA9SwNBEN3zM8avqKXNYhCtwkUEtQvaWEbwTCAJYW8zlyzZ3Tt258Rw5CfY+FdsLFRsbe38N24+Ck18MPB4b4aZeWEihUXf//YWFpeWV1Zza/n1jc2t7cLO7p2NU8Mh4LGMTT1kFqTQEKBACfXEAFOhhFrYvxr5tXswVsT6FgcJtBTrahEJztBJ7cJRE+EB0yRLrdBdakGJDkRCCwSamLhrmFLOGLYLRb/kj0HnSXlKimSKarvw1ezEPFWgkUtmbaPsJ9jKmEHBJQzzzdRCwnifdaHhqGYKbCsbPzSkh07p0Cg2rjTSsfp7ImPK2oEKXadi2LOz3kj8z2ukGJ23MqGTFEHzyaIolRRjOkqHdoQBjnLgCONGuFsp7zHDOLoM8y6E8uzL8yQ4KV2U/JvTYuVymkaO7JMDckzK5IxUyDWpkoBw8kieySt58568F+/d+5i0LnjTmT3yB97nD/cDngE=</latexit><latexit sha1_base64="4pMLezNntHWfRH+PZcVHHZVbEK4=">AAACD3icbVA9SwNBEN3zM8avqKXNYhCtwkUEtQvaWEbwTCAJYW8zlyzZ3Tt258Rw5CfY+FdsLFRsbe38N24+Ck18MPB4b4aZeWEihUXf//YWFpeWV1Zza/n1jc2t7cLO7p2NU8Mh4LGMTT1kFqTQEKBACfXEAFOhhFrYvxr5tXswVsT6FgcJtBTrahEJztBJ7cJRE+EB0yRLrdBdakGJDkRCCwSamLhrmFLOGLYLRb/kj0HnSXlKimSKarvw1ezEPFWgkUtmbaPsJ9jKmEHBJQzzzdRCwnifdaHhqGYKbCsbPzSkh07p0Cg2rjTSsfp7ImPK2oEKXadi2LOz3kj8z2ukGJ23MqGTFEHzyaIolRRjOkqHdoQBjnLgCONGuFsp7zHDOLoM8y6E8uzL8yQ4KV2U/JvTYuVymkaO7JMDckzK5IxUyDWpkoBw8kieySt58568F+/d+5i0LnjTmT3yB97nD/cDngE=</latexit>

Complexity:

TH(G)
<latexit sha1_base64="lXOVs4Lvxs+hRXvFXBJjQf7RD00=">AAAB93icbVDLTgJBEJz1ifhg1aOXicQEL2TXmKg3ogc5YsIKCWzI7DALE2Yfmekx4oYv8eJBjVd/xZt/4wB7ULCSTipV3enuClLBFTjOt7Wyura+sVnYKm7v7O6V7P2De5VoSZlHE5HIdkAUEzxmHnAQrJ1KRqJAsFYwupn6rQcmFU/iJoxT5kdkEPOQUwJG6tmlLrBH0GnWrE8qt6e4Z5edqjMDXiZuTsooR6Nnf3X7CdURi4EKolTHdVLwMyKBU8Emxa5WLCV0RAasY2hMIqb8bHb4BJ8YpY/DRJqKAc/U3xMZiZQaR4HpjAgM1aI3Ff/zOhrCSz/jcaqBxXS+KNQCQ4KnKeA+l4yCGBtCqOTmVkyHRBIKJquiCcFdfHmZeGfVq6pzd16uXedpFNAROkYV5KILVEN11EAeokijZ/SK3qwn68V6tz7mrStWPnOI/sD6/AFR/JJm</latexit><latexit sha1_base64="lXOVs4Lvxs+hRXvFXBJjQf7RD00=">AAAB93icbVDLTgJBEJz1ifhg1aOXicQEL2TXmKg3ogc5YsIKCWzI7DALE2Yfmekx4oYv8eJBjVd/xZt/4wB7ULCSTipV3enuClLBFTjOt7Wyura+sVnYKm7v7O6V7P2De5VoSZlHE5HIdkAUEzxmHnAQrJ1KRqJAsFYwupn6rQcmFU/iJoxT5kdkEPOQUwJG6tmlLrBH0GnWrE8qt6e4Z5edqjMDXiZuTsooR6Nnf3X7CdURi4EKolTHdVLwMyKBU8Emxa5WLCV0RAasY2hMIqb8bHb4BJ8YpY/DRJqKAc/U3xMZiZQaR4HpjAgM1aI3Ff/zOhrCSz/jcaqBxXS+KNQCQ4KnKeA+l4yCGBtCqOTmVkyHRBIKJquiCcFdfHmZeGfVq6pzd16uXedpFNAROkYV5KILVEN11EAeokijZ/SK3qwn68V6tz7mrStWPnOI/sD6/AFR/JJm</latexit><latexit sha1_base64="lXOVs4Lvxs+hRXvFXBJjQf7RD00=">AAAB93icbVDLTgJBEJz1ifhg1aOXicQEL2TXmKg3ogc5YsIKCWzI7DALE2Yfmekx4oYv8eJBjVd/xZt/4wB7ULCSTipV3enuClLBFTjOt7Wyura+sVnYKm7v7O6V7P2De5VoSZlHE5HIdkAUEzxmHnAQrJ1KRqJAsFYwupn6rQcmFU/iJoxT5kdkEPOQUwJG6tmlLrBH0GnWrE8qt6e4Z5edqjMDXiZuTsooR6Nnf3X7CdURi4EKolTHdVLwMyKBU8Emxa5WLCV0RAasY2hMIqb8bHb4BJ8YpY/DRJqKAc/U3xMZiZQaR4HpjAgM1aI3Ff/zOhrCSz/jcaqBxXS+KNQCQ4KnKeA+l4yCGBtCqOTmVkyHRBIKJquiCcFdfHmZeGfVq6pzd16uXedpFNAROkYV5KILVEN11EAeokijZ/SK3qwn68V6tz7mrStWPnOI/sD6/AFR/JJm</latexit>

TH(G) is the projection of a spectrahedron
<latexit sha1_base64="jAE2TIOKDHMPtEWvsi5bv+d2LRA=">AAACJXicbVDLSgMxFM34rPVVdekmWATdlKkI6kIoutClQqtCW0omvWOjmSQkd8Qy9Gvc+CtuXFQRXPkrpg/B14XAueecy809kZHCYRi+BxOTU9Mzs7m5/PzC4tJyYWX1wunUcqhxLbW9ipgDKRTUUKCEK2OBJZGEy+j2eKBf3oF1Qqsqdg00E3atRCw4Q0+1CocNhHtMTVY97W2dbNOvlgpHsQPUWH0DfOClOqaMOuM7yzrQtlr1WoViWAqHRf+C8hgUybjOWoV+o615moBCLplz9XJosJkxi4JL6OUbqQPD+C27hrqHiiXgmtnwzB7d9Eybxtr6p5AO2e8TGUuc6yaRdyYMO+63NiD/0+opxvvNTCiTIig+WhSnkqKmg8xoW1h/tex6wLgV/q+Ud5hlHH2yeR9C+ffJf0Ftp3RQCs93i5WjcRo5sk42yBYpkz1SIafkjNQIJw/kifTJS/AYPAevwdvIOhGMZ9bIjwo+PgFeS6Xy</latexit><latexit sha1_base64="jAE2TIOKDHMPtEWvsi5bv+d2LRA=">AAACJXicbVDLSgMxFM34rPVVdekmWATdlKkI6kIoutClQqtCW0omvWOjmSQkd8Qy9Gvc+CtuXFQRXPkrpg/B14XAueecy809kZHCYRi+BxOTU9Mzs7m5/PzC4tJyYWX1wunUcqhxLbW9ipgDKRTUUKCEK2OBJZGEy+j2eKBf3oF1Qqsqdg00E3atRCw4Q0+1CocNhHtMTVY97W2dbNOvlgpHsQPUWH0DfOClOqaMOuM7yzrQtlr1WoViWAqHRf+C8hgUybjOWoV+o615moBCLplz9XJosJkxi4JL6OUbqQPD+C27hrqHiiXgmtnwzB7d9Eybxtr6p5AO2e8TGUuc6yaRdyYMO+63NiD/0+opxvvNTCiTIig+WhSnkqKmg8xoW1h/tex6wLgV/q+Ud5hlHH2yeR9C+ffJf0Ftp3RQCs93i5WjcRo5sk42yBYpkz1SIafkjNQIJw/kifTJS/AYPAevwdvIOhGMZ9bIjwo+PgFeS6Xy</latexit><latexit sha1_base64="jAE2TIOKDHMPtEWvsi5bv+d2LRA=">AAACJXicbVDLSgMxFM34rPVVdekmWATdlKkI6kIoutClQqtCW0omvWOjmSQkd8Qy9Gvc+CtuXFQRXPkrpg/B14XAueecy809kZHCYRi+BxOTU9Mzs7m5/PzC4tJyYWX1wunUcqhxLbW9ipgDKRTUUKCEK2OBJZGEy+j2eKBf3oF1Qqsqdg00E3atRCw4Q0+1CocNhHtMTVY97W2dbNOvlgpHsQPUWH0DfOClOqaMOuM7yzrQtlr1WoViWAqHRf+C8hgUybjOWoV+o615moBCLplz9XJosJkxi4JL6OUbqQPD+C27hrqHiiXgmtnwzB7d9Eybxtr6p5AO2e8TGUuc6yaRdyYMO+63NiD/0+opxvvNTCiTIig+WhSnkqKmg8xoW1h/tex6wLgV/q+Ud5hlHH2yeR9C+ffJf0Ftp3RQCs93i5WjcRo5sk42yBYpkz1SIafkjNQIJw/kifTJS/AYPAevwdvIOhGMZ9bIjwo+PgFeS6Xy</latexit>

Geometry:



Lovàsz theta body of a graph 

Lovàsz (’79): TH(G) =

⇢
x 2 Rn : 9U s.t.
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<latexit sha1_base64="GyA6Cl7XNcbDBTv6QvO/xSrSn7g="></latexit><latexit sha1_base64="GyA6Cl7XNcbDBTv6QvO/xSrSn7g="></latexit><latexit sha1_base64="GyA6Cl7XNcbDBTv6QvO/xSrSn7g="></latexit>

Uii = xi 8i, Uij = 0 8ij 2 E

<latexit sha1_base64="8sFGsuCwkkOwyZZL2xd0bkJK9Fg=">AAACJ3icbVBdS8MwFE3n15xfVR99CQ7BhzE6EdQHcSiCjxOsG6ylpFm2ZUvTkqTiKPs5vvhXfBFR0Uf/iWnXB7d5QuDknHvJvcePGJXKsr6NwsLi0vJKcbW0tr6xuWVu79zLMBaY2DhkoWj5SBJGObEVVYy0IkFQ4DPS9IdXqd98IELSkN+pUUTcAPU47VKMlJY888L2EkrH8Bw+ehQ6FX26oUCMQVrJnqk/SH1r2h1Ah3J47Zllq2plgPOklpMyyNHwzDenE+I4IFxhhqRs16xIuQkSimJGxiUnliRCeIh6pK0pRwGRbpItOoYHWulAPYK+XMFM/duRoEDKUeDrygCpvpz1UvE/rx2r7qmbUB7FinA8+agbM6hCmKYGO1QQrNhIE4QF1bNC3EcCYaWzLekQarMrzxP7qHpWtW6Py/XLPI0i2AP74BDUwAmogxvQADbA4Am8gHfwYTwbr8an8TUpLRh5zy6YgvHzC+ZfowM=</latexit><latexit sha1_base64="8sFGsuCwkkOwyZZL2xd0bkJK9Fg=">AAACJ3icbVBdS8MwFE3n15xfVR99CQ7BhzE6EdQHcSiCjxOsG6ylpFm2ZUvTkqTiKPs5vvhXfBFR0Uf/iWnXB7d5QuDknHvJvcePGJXKsr6NwsLi0vJKcbW0tr6xuWVu79zLMBaY2DhkoWj5SBJGObEVVYy0IkFQ4DPS9IdXqd98IELSkN+pUUTcAPU47VKMlJY888L2EkrH8Bw+ehQ6FX26oUCMQVrJnqk/SH1r2h1Ah3J47Zllq2plgPOklpMyyNHwzDenE+I4IFxhhqRs16xIuQkSimJGxiUnliRCeIh6pK0pRwGRbpItOoYHWulAPYK+XMFM/duRoEDKUeDrygCpvpz1UvE/rx2r7qmbUB7FinA8+agbM6hCmKYGO1QQrNhIE4QF1bNC3EcCYaWzLekQarMrzxP7qHpWtW6Py/XLPI0i2AP74BDUwAmogxvQADbA4Am8gHfwYTwbr8an8TUpLRh5zy6YgvHzC+ZfowM=</latexit><latexit sha1_base64="8sFGsuCwkkOwyZZL2xd0bkJK9Fg=">AAACJ3icbVBdS8MwFE3n15xfVR99CQ7BhzE6EdQHcSiCjxOsG6ylpFm2ZUvTkqTiKPs5vvhXfBFR0Uf/iWnXB7d5QuDknHvJvcePGJXKsr6NwsLi0vJKcbW0tr6xuWVu79zLMBaY2DhkoWj5SBJGObEVVYy0IkFQ4DPS9IdXqd98IELSkN+pUUTcAPU47VKMlJY888L2EkrH8Bw+ehQ6FX26oUCMQVrJnqk/SH1r2h1Ah3J47Zllq2plgPOklpMyyNHwzDenE+I4IFxhhqRs16xIuQkSimJGxiUnliRCeIh6pK0pRwGRbpItOoYHWulAPYK+XMFM/duRoEDKUeDrygCpvpz1UvE/rx2r7qmbUB7FinA8+agbM6hCmKYGO1QQrNhIE4QF1bNC3EcCYaWzLekQarMrzxP7qHpWtW6Py/XLPI0i2AP74BDUwAmogxvQADbA4Am8gHfwYTwbr8an8TUpLRh5zy6YgvHzC+ZfowM=</latexit>

STAB(G) = TH(G) , G perfect graph
<latexit sha1_base64="C1PQnJrzxhPRidhoZVWgGXJxJks="></latexit><latexit sha1_base64="C1PQnJrzxhPRidhoZVWgGXJxJks="></latexit><latexit sha1_base64="C1PQnJrzxhPRidhoZVWgGXJxJks="></latexit>

Exactness: 

Can optimize over TH(G) in polynomial time
<latexit sha1_base64="+nxMVOAP5vYI+ICLKvWtuwgMVHA=">AAACJnicbVDJSkMxFM1ztk5Vl26CRdBNeRVB3YjoQpcKVgttKXnprQYzkdwn1kf/xo2/4kZwQNz5KaaDoNYLgcMZktyTWCk8xvFHNDI6Nj4xOTWdm5mdm1/ILy6de5M6DmVupHGVhHmQQkMZBUqoWAdMJRIukuvDrn5xA84Lo8+wbaGu2KUWLcEZBqqR36sh3GJqs0OmqbEolLgDakKEnh131o826LeBCk2tkW1tlGCSBid0co18IS7GvaHDoDQABTKYk0b+udY0PFWgkUvmfbUUW6xnzKHgMlxYSz1Yxq/ZJVQD1EyBr2e9PTt0LTBN2jIuHI20x/5MZEx531ZJcCqGV/6v1iX/06optnbqmdA2RdC8/1ArDUsa2i2NNoUDjrIdAONOhL9SfsUc4xiq7ZZQ+rvyMChvFneL8elWYf9g0MYUWSGrZJ2UyDbZJ8fkhJQJJ/fkkbyQ1+gheoreove+dSQaZJbJr4k+vwC+V6YN</latexit><latexit sha1_base64="+nxMVOAP5vYI+ICLKvWtuwgMVHA=">AAACJnicbVDJSkMxFM1ztk5Vl26CRdBNeRVB3YjoQpcKVgttKXnprQYzkdwn1kf/xo2/4kZwQNz5KaaDoNYLgcMZktyTWCk8xvFHNDI6Nj4xOTWdm5mdm1/ILy6de5M6DmVupHGVhHmQQkMZBUqoWAdMJRIukuvDrn5xA84Lo8+wbaGu2KUWLcEZBqqR36sh3GJqs0OmqbEolLgDakKEnh131o826LeBCk2tkW1tlGCSBid0co18IS7GvaHDoDQABTKYk0b+udY0PFWgkUvmfbUUW6xnzKHgMlxYSz1Yxq/ZJVQD1EyBr2e9PTt0LTBN2jIuHI20x/5MZEx531ZJcCqGV/6v1iX/06optnbqmdA2RdC8/1ArDUsa2i2NNoUDjrIdAONOhL9SfsUc4xiq7ZZQ+rvyMChvFneL8elWYf9g0MYUWSGrZJ2UyDbZJ8fkhJQJJ/fkkbyQ1+gheoreove+dSQaZJbJr4k+vwC+V6YN</latexit><latexit sha1_base64="+nxMVOAP5vYI+ICLKvWtuwgMVHA=">AAACJnicbVDJSkMxFM1ztk5Vl26CRdBNeRVB3YjoQpcKVgttKXnprQYzkdwn1kf/xo2/4kZwQNz5KaaDoNYLgcMZktyTWCk8xvFHNDI6Nj4xOTWdm5mdm1/ILy6de5M6DmVupHGVhHmQQkMZBUqoWAdMJRIukuvDrn5xA84Lo8+wbaGu2KUWLcEZBqqR36sh3GJqs0OmqbEolLgDakKEnh131o826LeBCk2tkW1tlGCSBid0co18IS7GvaHDoDQABTKYk0b+udY0PFWgkUvmfbUUW6xnzKHgMlxYSz1Yxq/ZJVQD1EyBr2e9PTt0LTBN2jIuHI20x/5MZEx531ZJcCqGV/6v1iX/06optnbqmdA2RdC8/1ArDUsa2i2NNoUDjrIdAONOhL9SfsUc4xiq7ZZQ+rvyMChvFneL8elWYf9g0MYUWSGrZJ2UyDbZJ8fkhJQJJ/fkkbyQ1+gheoreove+dSQaZJbJr4k+vwC+V6YN</latexit>

using semidefinite programming

<latexit sha1_base64="4pMLezNntHWfRH+PZcVHHZVbEK4=">AAACD3icbVA9SwNBEN3zM8avqKXNYhCtwkUEtQvaWEbwTCAJYW8zlyzZ3Tt258Rw5CfY+FdsLFRsbe38N24+Ck18MPB4b4aZeWEihUXf//YWFpeWV1Zza/n1jc2t7cLO7p2NU8Mh4LGMTT1kFqTQEKBACfXEAFOhhFrYvxr5tXswVsT6FgcJtBTrahEJztBJ7cJRE+EB0yRLrdBdakGJDkRCCwSamLhrmFLOGLYLRb/kj0HnSXlKimSKarvw1ezEPFWgkUtmbaPsJ9jKmEHBJQzzzdRCwnifdaHhqGYKbCsbPzSkh07p0Cg2rjTSsfp7ImPK2oEKXadi2LOz3kj8z2ukGJ23MqGTFEHzyaIolRRjOkqHdoQBjnLgCONGuFsp7zHDOLoM8y6E8uzL8yQ4KV2U/JvTYuVymkaO7JMDckzK5IxUyDWpkoBw8kieySt58568F+/d+5i0LnjTmT3yB97nD/cDngE=</latexit><latexit sha1_base64="4pMLezNntHWfRH+PZcVHHZVbEK4=">AAACD3icbVA9SwNBEN3zM8avqKXNYhCtwkUEtQvaWEbwTCAJYW8zlyzZ3Tt258Rw5CfY+FdsLFRsbe38N24+Ck18MPB4b4aZeWEihUXf//YWFpeWV1Zza/n1jc2t7cLO7p2NU8Mh4LGMTT1kFqTQEKBACfXEAFOhhFrYvxr5tXswVsT6FgcJtBTrahEJztBJ7cJRE+EB0yRLrdBdakGJDkRCCwSamLhrmFLOGLYLRb/kj0HnSXlKimSKarvw1ezEPFWgkUtmbaPsJ9jKmEHBJQzzzdRCwnifdaHhqGYKbCsbPzSkh07p0Cg2rjTSsfp7ImPK2oEKXadi2LOz3kj8z2ukGJ23MqGTFEHzyaIolRRjOkqHdoQBjnLgCONGuFsp7zHDOLoM8y6E8uzL8yQ4KV2U/JvTYuVymkaO7JMDckzK5IxUyDWpkoBw8kieySt58568F+/d+5i0LnjTmT3yB97nD/cDngE=</latexit><latexit sha1_base64="4pMLezNntHWfRH+PZcVHHZVbEK4=">AAACD3icbVA9SwNBEN3zM8avqKXNYhCtwkUEtQvaWEbwTCAJYW8zlyzZ3Tt258Rw5CfY+FdsLFRsbe38N24+Ck18MPB4b4aZeWEihUXf//YWFpeWV1Zza/n1jc2t7cLO7p2NU8Mh4LGMTT1kFqTQEKBACfXEAFOhhFrYvxr5tXswVsT6FgcJtBTrahEJztBJ7cJRE+EB0yRLrdBdakGJDkRCCwSamLhrmFLOGLYLRb/kj0HnSXlKimSKarvw1ezEPFWgkUtmbaPsJ9jKmEHBJQzzzdRCwnifdaHhqGYKbCsbPzSkh07p0Cg2rjTSsfp7ImPK2oEKXadi2LOz3kj8z2ukGJ23MqGTFEHzyaIolRRjOkqHdoQBjnLgCONGuFsp7zHDOLoM8y6E8uzL8yQ4KV2U/JvTYuVymkaO7JMDckzK5IxUyDWpkoBw8kieySt58568F+/d+5i0LnjTmT3yB97nD/cDngE=</latexit>

Complexity:

TH(G)
<latexit sha1_base64="lXOVs4Lvxs+hRXvFXBJjQf7RD00=">AAAB93icbVDLTgJBEJz1ifhg1aOXicQEL2TXmKg3ogc5YsIKCWzI7DALE2Yfmekx4oYv8eJBjVd/xZt/4wB7ULCSTipV3enuClLBFTjOt7Wyura+sVnYKm7v7O6V7P2De5VoSZlHE5HIdkAUEzxmHnAQrJ1KRqJAsFYwupn6rQcmFU/iJoxT5kdkEPOQUwJG6tmlLrBH0GnWrE8qt6e4Z5edqjMDXiZuTsooR6Nnf3X7CdURi4EKolTHdVLwMyKBU8Emxa5WLCV0RAasY2hMIqb8bHb4BJ8YpY/DRJqKAc/U3xMZiZQaR4HpjAgM1aI3Ff/zOhrCSz/jcaqBxXS+KNQCQ4KnKeA+l4yCGBtCqOTmVkyHRBIKJquiCcFdfHmZeGfVq6pzd16uXedpFNAROkYV5KILVEN11EAeokijZ/SK3qwn68V6tz7mrStWPnOI/sD6/AFR/JJm</latexit><latexit sha1_base64="lXOVs4Lvxs+hRXvFXBJjQf7RD00=">AAAB93icbVDLTgJBEJz1ifhg1aOXicQEL2TXmKg3ogc5YsIKCWzI7DALE2Yfmekx4oYv8eJBjVd/xZt/4wB7ULCSTipV3enuClLBFTjOt7Wyura+sVnYKm7v7O6V7P2De5VoSZlHE5HIdkAUEzxmHnAQrJ1KRqJAsFYwupn6rQcmFU/iJoxT5kdkEPOQUwJG6tmlLrBH0GnWrE8qt6e4Z5edqjMDXiZuTsooR6Nnf3X7CdURi4EKolTHdVLwMyKBU8Emxa5WLCV0RAasY2hMIqb8bHb4BJ8YpY/DRJqKAc/U3xMZiZQaR4HpjAgM1aI3Ff/zOhrCSz/jcaqBxXS+KNQCQ4KnKeA+l4yCGBtCqOTmVkyHRBIKJquiCcFdfHmZeGfVq6pzd16uXedpFNAROkYV5KILVEN11EAeokijZ/SK3qwn68V6tz7mrStWPnOI/sD6/AFR/JJm</latexit><latexit sha1_base64="lXOVs4Lvxs+hRXvFXBJjQf7RD00=">AAAB93icbVDLTgJBEJz1ifhg1aOXicQEL2TXmKg3ogc5YsIKCWzI7DALE2Yfmekx4oYv8eJBjVd/xZt/4wB7ULCSTipV3enuClLBFTjOt7Wyura+sVnYKm7v7O6V7P2De5VoSZlHE5HIdkAUEzxmHnAQrJ1KRqJAsFYwupn6rQcmFU/iJoxT5kdkEPOQUwJG6tmlLrBH0GnWrE8qt6e4Z5edqjMDXiZuTsooR6Nnf3X7CdURi4EKolTHdVLwMyKBU8Emxa5WLCV0RAasY2hMIqb8bHb4BJ8YpY/DRJqKAc/U3xMZiZQaR4HpjAgM1aI3Ff/zOhrCSz/jcaqBxXS+KNQCQ4KnKeA+l4yCGBtCqOTmVkyHRBIKJquiCcFdfHmZeGfVq6pzd16uXedpFNAROkYV5KILVEN11EAeokijZ/SK3qwn68V6tz7mrStWPnOI/sD6/AFR/JJm</latexit>

TH(G) is the projection of a spectrahedron
<latexit sha1_base64="jAE2TIOKDHMPtEWvsi5bv+d2LRA=">AAACJXicbVDLSgMxFM34rPVVdekmWATdlKkI6kIoutClQqtCW0omvWOjmSQkd8Qy9Gvc+CtuXFQRXPkrpg/B14XAueecy809kZHCYRi+BxOTU9Mzs7m5/PzC4tJyYWX1wunUcqhxLbW9ipgDKRTUUKCEK2OBJZGEy+j2eKBf3oF1Qqsqdg00E3atRCw4Q0+1CocNhHtMTVY97W2dbNOvlgpHsQPUWH0DfOClOqaMOuM7yzrQtlr1WoViWAqHRf+C8hgUybjOWoV+o615moBCLplz9XJosJkxi4JL6OUbqQPD+C27hrqHiiXgmtnwzB7d9Eybxtr6p5AO2e8TGUuc6yaRdyYMO+63NiD/0+opxvvNTCiTIig+WhSnkqKmg8xoW1h/tex6wLgV/q+Ud5hlHH2yeR9C+ffJf0Ftp3RQCs93i5WjcRo5sk42yBYpkz1SIafkjNQIJw/kifTJS/AYPAevwdvIOhGMZ9bIjwo+PgFeS6Xy</latexit><latexit sha1_base64="jAE2TIOKDHMPtEWvsi5bv+d2LRA=">AAACJXicbVDLSgMxFM34rPVVdekmWATdlKkI6kIoutClQqtCW0omvWOjmSQkd8Qy9Gvc+CtuXFQRXPkrpg/B14XAueecy809kZHCYRi+BxOTU9Mzs7m5/PzC4tJyYWX1wunUcqhxLbW9ipgDKRTUUKCEK2OBJZGEy+j2eKBf3oF1Qqsqdg00E3atRCw4Q0+1CocNhHtMTVY97W2dbNOvlgpHsQPUWH0DfOClOqaMOuM7yzrQtlr1WoViWAqHRf+C8hgUybjOWoV+o615moBCLplz9XJosJkxi4JL6OUbqQPD+C27hrqHiiXgmtnwzB7d9Eybxtr6p5AO2e8TGUuc6yaRdyYMO+63NiD/0+opxvvNTCiTIig+WhSnkqKmg8xoW1h/tex6wLgV/q+Ud5hlHH2yeR9C+ffJf0Ftp3RQCs93i5WjcRo5sk42yBYpkz1SIafkjNQIJw/kifTJS/AYPAevwdvIOhGMZ9bIjwo+PgFeS6Xy</latexit><latexit sha1_base64="jAE2TIOKDHMPtEWvsi5bv+d2LRA=">AAACJXicbVDLSgMxFM34rPVVdekmWATdlKkI6kIoutClQqtCW0omvWOjmSQkd8Qy9Gvc+CtuXFQRXPkrpg/B14XAueecy809kZHCYRi+BxOTU9Mzs7m5/PzC4tJyYWX1wunUcqhxLbW9ipgDKRTUUKCEK2OBJZGEy+j2eKBf3oF1Qqsqdg00E3atRCw4Q0+1CocNhHtMTVY97W2dbNOvlgpHsQPUWH0DfOClOqaMOuM7yzrQtlr1WoViWAqHRf+C8hgUybjOWoV+o615moBCLplz9XJosJkxi4JL6OUbqQPD+C27hrqHiiXgmtnwzB7d9Eybxtr6p5AO2e8TGUuc6yaRdyYMO+63NiD/0+opxvvNTCiTIig+WhSnkqKmg8xoW1h/tex6wLgV/q+Ud5hlHH2yeR9C+ffJf0Ftp3RQCs93i5WjcRo5sk42yBYpkz1SIafkjNQIJw/kifTJS/AYPAevwdvIOhGMZ9bIjwo+PgFeS6Xy</latexit>

Geometry:



C = conv(cos(✓), sin(2✓), cos(3✓))
<latexit sha1_base64="546FHZW4dVkGj/UqYDFfoNH9Xf8=">AAACKHicbVDLSgMxFM34tr6qLt0Ei1BBykwVdCOKblwq2Ad0SsmktzaYSYbkjliGfo4bf8WNiCJu/RLTh/g8EDj3nHu5uSdKpLDo+2/exOTU9Mzs3HxuYXFpeSW/ula1OjUcKlxLbeoRsyCFggoKlFBPDLA4klCLrk8Hfu0GjBVaXWIvgWbMrpToCM7QSa380Sk9pCHCLaZJxrW66RdDrm0xxC4g296hoRWqWKZf9cDd/ay3W/mCX/KHoH9JMCYFMsZ5K/8UtjVPY1DIJbO2EfgJNjNmUHAJ/VyYWkgYv2ZX0HBUsRhsMxse2qdbTmnTjjbuKaRD9ftExmJre3HkOmOGXfvbG4j/eY0UOwfNTKgkRVB8tKiTSoqaDlKjbWGAo+w5wrgR7q+Ud5lhHF22ORdC8Pvkv6RaLgV+KbjYKxyfjOOYIxtkkxRJQPbJMTkj56RCOLkjD+SZvHj33qP36r2NWie88cw6+QHv/QN3QqRU</latexit><latexit sha1_base64="546FHZW4dVkGj/UqYDFfoNH9Xf8=">AAACKHicbVDLSgMxFM34tr6qLt0Ei1BBykwVdCOKblwq2Ad0SsmktzaYSYbkjliGfo4bf8WNiCJu/RLTh/g8EDj3nHu5uSdKpLDo+2/exOTU9Mzs3HxuYXFpeSW/ula1OjUcKlxLbeoRsyCFggoKlFBPDLA4klCLrk8Hfu0GjBVaXWIvgWbMrpToCM7QSa380Sk9pCHCLaZJxrW66RdDrm0xxC4g296hoRWqWKZf9cDd/ay3W/mCX/KHoH9JMCYFMsZ5K/8UtjVPY1DIJbO2EfgJNjNmUHAJ/VyYWkgYv2ZX0HBUsRhsMxse2qdbTmnTjjbuKaRD9ftExmJre3HkOmOGXfvbG4j/eY0UOwfNTKgkRVB8tKiTSoqaDlKjbWGAo+w5wrgR7q+Ud5lhHF22ORdC8Pvkv6RaLgV+KbjYKxyfjOOYIxtkkxRJQPbJMTkj56RCOLkjD+SZvHj33qP36r2NWie88cw6+QHv/QN3QqRU</latexit><latexit sha1_base64="546FHZW4dVkGj/UqYDFfoNH9Xf8=">AAACKHicbVDLSgMxFM34tr6qLt0Ei1BBykwVdCOKblwq2Ad0SsmktzaYSYbkjliGfo4bf8WNiCJu/RLTh/g8EDj3nHu5uSdKpLDo+2/exOTU9Mzs3HxuYXFpeSW/ula1OjUcKlxLbeoRsyCFggoKlFBPDLA4klCLrk8Hfu0GjBVaXWIvgWbMrpToCM7QSa380Sk9pCHCLaZJxrW66RdDrm0xxC4g296hoRWqWKZf9cDd/ay3W/mCX/KHoH9JMCYFMsZ5K/8UtjVPY1DIJbO2EfgJNjNmUHAJ/VyYWkgYv2ZX0HBUsRhsMxse2qdbTmnTjjbuKaRD9ftExmJre3HkOmOGXfvbG4j/eY0UOwfNTKgkRVB8tKiTSoqaDlKjbWGAo+w5wrgR7q+Ud5lhHF22ORdC8Pvkv6RaLgV+KbjYKxyfjOOYIxtkkxRJQPbJMTkj56RCOLkjD+SZvHj33qP36r2NWie88cw6+QHv/QN3QqRU</latexit><latexit sha1_base64="546FHZW4dVkGj/UqYDFfoNH9Xf8=">AAACKHicbVDLSgMxFM34tr6qLt0Ei1BBykwVdCOKblwq2Ad0SsmktzaYSYbkjliGfo4bf8WNiCJu/RLTh/g8EDj3nHu5uSdKpLDo+2/exOTU9Mzs3HxuYXFpeSW/ula1OjUcKlxLbeoRsyCFggoKlFBPDLA4klCLrk8Hfu0GjBVaXWIvgWbMrpToCM7QSa380Sk9pCHCLaZJxrW66RdDrm0xxC4g296hoRWqWKZf9cDd/ay3W/mCX/KHoH9JMCYFMsZ5K/8UtjVPY1DIJbO2EfgJNjNmUHAJ/VyYWkgYv2ZX0HBUsRhsMxse2qdbTmnTjjbuKaRD9ftExmJre3HkOmOGXfvbG4j/eY0UOwfNTKgkRVB8tKiTSoqaDlKjbWGAo+w5wrgR7q+Ud5lhHF22ORdC8Pvkv6RaLgV+KbjYKxyfjOOYIxtkkxRJQPbJMTkj56RCOLkjD+SZvHj33qP36r2NWie88cw6+QHv/QN3QqRU</latexit>

Ranestad-Sturmfels (2010)

boundary consists of 
• 2 triangles 
• a cubic surface
• surface of degree 16 (green)



C = conv(cos(✓), sin(2✓), cos(3✓))
<latexit sha1_base64="546FHZW4dVkGj/UqYDFfoNH9Xf8=">AAACKHicbVDLSgMxFM34tr6qLt0Ei1BBykwVdCOKblwq2Ad0SsmktzaYSYbkjliGfo4bf8WNiCJu/RLTh/g8EDj3nHu5uSdKpLDo+2/exOTU9Mzs3HxuYXFpeSW/ula1OjUcKlxLbeoRsyCFggoKlFBPDLA4klCLrk8Hfu0GjBVaXWIvgWbMrpToCM7QSa380Sk9pCHCLaZJxrW66RdDrm0xxC4g296hoRWqWKZf9cDd/ay3W/mCX/KHoH9JMCYFMsZ5K/8UtjVPY1DIJbO2EfgJNjNmUHAJ/VyYWkgYv2ZX0HBUsRhsMxse2qdbTmnTjjbuKaRD9ftExmJre3HkOmOGXfvbG4j/eY0UOwfNTKgkRVB8tKiTSoqaDlKjbWGAo+w5wrgR7q+Ud5lhHF22ORdC8Pvkv6RaLgV+KbjYKxyfjOOYIxtkkxRJQPbJMTkj56RCOLkjD+SZvHj33qP36r2NWie88cw6+QHv/QN3QqRU</latexit><latexit sha1_base64="546FHZW4dVkGj/UqYDFfoNH9Xf8=">AAACKHicbVDLSgMxFM34tr6qLt0Ei1BBykwVdCOKblwq2Ad0SsmktzaYSYbkjliGfo4bf8WNiCJu/RLTh/g8EDj3nHu5uSdKpLDo+2/exOTU9Mzs3HxuYXFpeSW/ula1OjUcKlxLbeoRsyCFggoKlFBPDLA4klCLrk8Hfu0GjBVaXWIvgWbMrpToCM7QSa380Sk9pCHCLaZJxrW66RdDrm0xxC4g296hoRWqWKZf9cDd/ay3W/mCX/KHoH9JMCYFMsZ5K/8UtjVPY1DIJbO2EfgJNjNmUHAJ/VyYWkgYv2ZX0HBUsRhsMxse2qdbTmnTjjbuKaRD9ftExmJre3HkOmOGXfvbG4j/eY0UOwfNTKgkRVB8tKiTSoqaDlKjbWGAo+w5wrgR7q+Ud5lhHF22ORdC8Pvkv6RaLgV+KbjYKxyfjOOYIxtkkxRJQPbJMTkj56RCOLkjD+SZvHj33qP36r2NWie88cw6+QHv/QN3QqRU</latexit><latexit sha1_base64="546FHZW4dVkGj/UqYDFfoNH9Xf8=">AAACKHicbVDLSgMxFM34tr6qLt0Ei1BBykwVdCOKblwq2Ad0SsmktzaYSYbkjliGfo4bf8WNiCJu/RLTh/g8EDj3nHu5uSdKpLDo+2/exOTU9Mzs3HxuYXFpeSW/ula1OjUcKlxLbeoRsyCFggoKlFBPDLA4klCLrk8Hfu0GjBVaXWIvgWbMrpToCM7QSa380Sk9pCHCLaZJxrW66RdDrm0xxC4g296hoRWqWKZf9cDd/ay3W/mCX/KHoH9JMCYFMsZ5K/8UtjVPY1DIJbO2EfgJNjNmUHAJ/VyYWkgYv2ZX0HBUsRhsMxse2qdbTmnTjjbuKaRD9ftExmJre3HkOmOGXfvbG4j/eY0UOwfNTKgkRVB8tKiTSoqaDlKjbWGAo+w5wrgR7q+Ud5lhHF22ORdC8Pvkv6RaLgV+KbjYKxyfjOOYIxtkkxRJQPbJMTkj56RCOLkjD+SZvHj33qP36r2NWie88cw6+QHv/QN3QqRU</latexit><latexit sha1_base64="546FHZW4dVkGj/UqYDFfoNH9Xf8=">AAACKHicbVDLSgMxFM34tr6qLt0Ei1BBykwVdCOKblwq2Ad0SsmktzaYSYbkjliGfo4bf8WNiCJu/RLTh/g8EDj3nHu5uSdKpLDo+2/exOTU9Mzs3HxuYXFpeSW/ula1OjUcKlxLbeoRsyCFggoKlFBPDLA4klCLrk8Hfu0GjBVaXWIvgWbMrpToCM7QSa380Sk9pCHCLaZJxrW66RdDrm0xxC4g296hoRWqWKZf9cDd/ay3W/mCX/KHoH9JMCYFMsZ5K/8UtjVPY1DIJbO2EfgJNjNmUHAJ/VyYWkgYv2ZX0HBUsRhsMxse2qdbTmnTjjbuKaRD9ftExmJre3HkOmOGXfvbG4j/eY0UOwfNTKgkRVB8tKiTSoqaDlKjbWGAo+w5wrgR7q+Ud5lhHF22ORdC8Pvkv6RaLgV+KbjYKxyfjOOYIxtkkxRJQPbJMTkj56RCOLkjD+SZvHj33qP36r2NWie88cw6+QHv/QN3QqRU</latexit>

Ranestad-Sturmfels (2010)

boundary consists of 
• 2 triangles 
• a cubic surface
• surface of degree 16 (green)



C = conv(cos(✓), sin(2✓), cos(3✓))
<latexit sha1_base64="546FHZW4dVkGj/UqYDFfoNH9Xf8=">AAACKHicbVDLSgMxFM34tr6qLt0Ei1BBykwVdCOKblwq2Ad0SsmktzaYSYbkjliGfo4bf8WNiCJu/RLTh/g8EDj3nHu5uSdKpLDo+2/exOTU9Mzs3HxuYXFpeSW/ula1OjUcKlxLbeoRsyCFggoKlFBPDLA4klCLrk8Hfu0GjBVaXWIvgWbMrpToCM7QSa380Sk9pCHCLaZJxrW66RdDrm0xxC4g296hoRWqWKZf9cDd/ay3W/mCX/KHoH9JMCYFMsZ5K/8UtjVPY1DIJbO2EfgJNjNmUHAJ/VyYWkgYv2ZX0HBUsRhsMxse2qdbTmnTjjbuKaRD9ftExmJre3HkOmOGXfvbG4j/eY0UOwfNTKgkRVB8tKiTSoqaDlKjbWGAo+w5wrgR7q+Ud5lhHF22ORdC8Pvkv6RaLgV+KbjYKxyfjOOYIxtkkxRJQPbJMTkj56RCOLkjD+SZvHj33qP36r2NWie88cw6+QHv/QN3QqRU</latexit><latexit sha1_base64="546FHZW4dVkGj/UqYDFfoNH9Xf8=">AAACKHicbVDLSgMxFM34tr6qLt0Ei1BBykwVdCOKblwq2Ad0SsmktzaYSYbkjliGfo4bf8WNiCJu/RLTh/g8EDj3nHu5uSdKpLDo+2/exOTU9Mzs3HxuYXFpeSW/ula1OjUcKlxLbeoRsyCFggoKlFBPDLA4klCLrk8Hfu0GjBVaXWIvgWbMrpToCM7QSa380Sk9pCHCLaZJxrW66RdDrm0xxC4g296hoRWqWKZf9cDd/ay3W/mCX/KHoH9JMCYFMsZ5K/8UtjVPY1DIJbO2EfgJNjNmUHAJ/VyYWkgYv2ZX0HBUsRhsMxse2qdbTmnTjjbuKaRD9ftExmJre3HkOmOGXfvbG4j/eY0UOwfNTKgkRVB8tKiTSoqaDlKjbWGAo+w5wrgR7q+Ud5lhHF22ORdC8Pvkv6RaLgV+KbjYKxyfjOOYIxtkkxRJQPbJMTkj56RCOLkjD+SZvHj33qP36r2NWie88cw6+QHv/QN3QqRU</latexit><latexit sha1_base64="546FHZW4dVkGj/UqYDFfoNH9Xf8=">AAACKHicbVDLSgMxFM34tr6qLt0Ei1BBykwVdCOKblwq2Ad0SsmktzaYSYbkjliGfo4bf8WNiCJu/RLTh/g8EDj3nHu5uSdKpLDo+2/exOTU9Mzs3HxuYXFpeSW/ula1OjUcKlxLbeoRsyCFggoKlFBPDLA4klCLrk8Hfu0GjBVaXWIvgWbMrpToCM7QSa380Sk9pCHCLaZJxrW66RdDrm0xxC4g296hoRWqWKZf9cDd/ay3W/mCX/KHoH9JMCYFMsZ5K/8UtjVPY1DIJbO2EfgJNjNmUHAJ/VyYWkgYv2ZX0HBUsRhsMxse2qdbTmnTjjbuKaRD9ftExmJre3HkOmOGXfvbG4j/eY0UOwfNTKgkRVB8tKiTSoqaDlKjbWGAo+w5wrgR7q+Ud5lhHF22ORdC8Pvkv6RaLgV+KbjYKxyfjOOYIxtkkxRJQPbJMTkj56RCOLkjD+SZvHj33qP36r2NWie88cw6+QHv/QN3QqRU</latexit><latexit sha1_base64="546FHZW4dVkGj/UqYDFfoNH9Xf8=">AAACKHicbVDLSgMxFM34tr6qLt0Ei1BBykwVdCOKblwq2Ad0SsmktzaYSYbkjliGfo4bf8WNiCJu/RLTh/g8EDj3nHu5uSdKpLDo+2/exOTU9Mzs3HxuYXFpeSW/ula1OjUcKlxLbeoRsyCFggoKlFBPDLA4klCLrk8Hfu0GjBVaXWIvgWbMrpToCM7QSa380Sk9pCHCLaZJxrW66RdDrm0xxC4g296hoRWqWKZf9cDd/ay3W/mCX/KHoH9JMCYFMsZ5K/8UtjVPY1DIJbO2EfgJNjNmUHAJ/VyYWkgYv2ZX0HBUsRhsMxse2qdbTmnTjjbuKaRD9ftExmJre3HkOmOGXfvbG4j/eY0UOwfNTKgkRVB8tKiTSoqaDlKjbWGAo+w5wrgR7q+Ud5lhHF22ORdC8Pvkv6RaLgV+KbjYKxyfjOOYIxtkkxRJQPbJMTkj56RCOLkjD+SZvHj33qP36r2NWie88cw6+QHv/QN3QqRU</latexit>

Ranestad-Sturmfels (2010)

boundary consists of 
• 2 triangles 
• a cubic surface
• surface of degree 16 (green)

C is the linear image of a spectrahedron



Polyhedral lifts of polytopes 

Given
<latexit sha1_base64="evWuqLPjzBW/lHV+thD4Wv73mio=">AAAB+XicbVA9TwJBEN3zE/Hr0NJmIzGxIocxUTuihZaYeEIChOwtA2zY27vszqHk5KfYWKix9Z/Y+W/cAwoFXzLJy3szmZkXxFIY9LxvZ2l5ZXVtPbeR39za3tl1C3v3Jko0B59HMtL1gBmQQoGPAiXUYw0sDCTUgsFV5teGoI2I1B2OYmiFrKdEV3CGVmq7hSbCIyZxSq/FENSY5ttu0St5E9BFUp6RIpmh2na/mp2IJyEo5JIZ0yh7MbZSplFwCeN8MzEQMz5gPWhYqlgIppVOTh/TI6t0aDfSthTSifp7ImWhMaMwsJ0hw76Z9zLxP6+RYPe8lQoVJwiKTxd1E0kxolkOtCM0cJQjSxjXwt5KeZ9pxtGmlYVQnn95kfgnpYuSd3tarFzO0siRA3JIjkmZnJEKuSFV4hNOHsgzeSVvzpPz4rw7H9PWJWc2s0/+wPn8ARHRk2k=</latexit><latexit sha1_base64="evWuqLPjzBW/lHV+thD4Wv73mio=">AAAB+XicbVA9TwJBEN3zE/Hr0NJmIzGxIocxUTuihZaYeEIChOwtA2zY27vszqHk5KfYWKix9Z/Y+W/cAwoFXzLJy3szmZkXxFIY9LxvZ2l5ZXVtPbeR39za3tl1C3v3Jko0B59HMtL1gBmQQoGPAiXUYw0sDCTUgsFV5teGoI2I1B2OYmiFrKdEV3CGVmq7hSbCIyZxSq/FENSY5ttu0St5E9BFUp6RIpmh2na/mp2IJyEo5JIZ0yh7MbZSplFwCeN8MzEQMz5gPWhYqlgIppVOTh/TI6t0aDfSthTSifp7ImWhMaMwsJ0hw76Z9zLxP6+RYPe8lQoVJwiKTxd1E0kxolkOtCM0cJQjSxjXwt5KeZ9pxtGmlYVQnn95kfgnpYuSd3tarFzO0siRA3JIjkmZnJEKuSFV4hNOHsgzeSVvzpPz4rw7H9PWJWc2s0/+wPn8ARHRk2k=</latexit><latexit sha1_base64="evWuqLPjzBW/lHV+thD4Wv73mio=">AAAB+XicbVA9TwJBEN3zE/Hr0NJmIzGxIocxUTuihZaYeEIChOwtA2zY27vszqHk5KfYWKix9Z/Y+W/cAwoFXzLJy3szmZkXxFIY9LxvZ2l5ZXVtPbeR39za3tl1C3v3Jko0B59HMtL1gBmQQoGPAiXUYw0sDCTUgsFV5teGoI2I1B2OYmiFrKdEV3CGVmq7hSbCIyZxSq/FENSY5ttu0St5E9BFUp6RIpmh2na/mp2IJyEo5JIZ0yh7MbZSplFwCeN8MzEQMz5gPWhYqlgIppVOTh/TI6t0aDfSthTSifp7ImWhMaMwsJ0hw76Z9zLxP6+RYPe8lQoVJwiKTxd1E0kxolkOtCM0cJQjSxjXwt5KeZ9pxtGmlYVQnn95kfgnpYuSd3tarFzO0siRA3JIjkmZnJEKuSFV4hNOHsgzeSVvzpPz4rw7H9PWJWc2s0/+wPn8ARHRk2k=</latexit>

polytope 

when is
<latexit sha1_base64="fZGMBrmd0wXOmtNm47xa6+X+Zc8=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRPJVEBPVW9OKxgrWFNpTNdtIu3WzC7kStofhXvHhQ8eoP8ea/MWl70NYHA4/3ZpiZ58dSGHScb6uwsLi0vFJcLa2tb2xu2ds7tyZKNIc6j2Skmz4zIIWCOgqU0Iw1sNCX0PAHl7nfuANtRKRucBiDF7KeEoHgDDOpY++1ER4wiVN63wdFhaEjWurYZafijEHniTslZTJFrWN/tbsRT0JQyCUzpuU6MXop0yi4hFGpnRiIGR+wHrQyqlgIxkvH14/oYaZ0aRDprBTSsfp7ImWhMcPQzzpDhn0z6+Xif14rweDMS4WKEwTFJ4uCRFKMaB4F7QoNHOUwI4xrkd1KeZ9pxjELLA/BnX15ntSPK+cV5/qkXL2YplEk++SAHBGXnJIquSI1UiecPJJn8krerCfrxXq3PiatBWs6s0v+wPr8AdgMlFw=</latexit><latexit sha1_base64="fZGMBrmd0wXOmtNm47xa6+X+Zc8=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRPJVEBPVW9OKxgrWFNpTNdtIu3WzC7kStofhXvHhQ8eoP8ea/MWl70NYHA4/3ZpiZ58dSGHScb6uwsLi0vFJcLa2tb2xu2ds7tyZKNIc6j2Skmz4zIIWCOgqU0Iw1sNCX0PAHl7nfuANtRKRucBiDF7KeEoHgDDOpY++1ER4wiVN63wdFhaEjWurYZafijEHniTslZTJFrWN/tbsRT0JQyCUzpuU6MXop0yi4hFGpnRiIGR+wHrQyqlgIxkvH14/oYaZ0aRDprBTSsfp7ImWhMcPQzzpDhn0z6+Xif14rweDMS4WKEwTFJ4uCRFKMaB4F7QoNHOUwI4xrkd1KeZ9pxjELLA/BnX15ntSPK+cV5/qkXL2YplEk++SAHBGXnJIquSI1UiecPJJn8krerCfrxXq3PiatBWs6s0v+wPr8AdgMlFw=</latexit><latexit sha1_base64="fZGMBrmd0wXOmtNm47xa6+X+Zc8=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRPJVEBPVW9OKxgrWFNpTNdtIu3WzC7kStofhXvHhQ8eoP8ea/MWl70NYHA4/3ZpiZ58dSGHScb6uwsLi0vFJcLa2tb2xu2ds7tyZKNIc6j2Skmz4zIIWCOgqU0Iw1sNCX0PAHl7nfuANtRKRucBiDF7KeEoHgDDOpY++1ER4wiVN63wdFhaEjWurYZafijEHniTslZTJFrWN/tbsRT0JQyCUzpuU6MXop0yi4hFGpnRiIGR+wHrQyqlgIxkvH14/oYaZ0aRDprBTSsfp7ImWhMcPQzzpDhn0z6+Xif14rweDMS4WKEwTFJ4uCRFKMaB4F7QoNHOUwI4xrkd1KeZ9pxjELLA/BnX15ntSPK+cV5/qkXL2YplEk++SAHBGXnJIquSI1UiecPJJn8krerCfrxXq3PiatBWs6s0v+wPr8AdgMlFw=</latexit>

⇡
<latexit sha1_base64="FJ5lJtJp32+HMGmkRmNqhwk6j+U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3S3U3YnQgl9C948aDi1V/kzX9j0uag1QcDj/dmmJkXJlJYdN0vp7Kyura+Ud2sbW3v7O7V9w8ebJwaxn0Wy9h0Q2q5FJr7KFDybmI4VaHknXByU/idR26siPU9ThMeKDrSIhKMYiH1E1Eb1Btu052D/CVeSRpQoj2of/aHMUsV18gktbbnuQkGGTUomOSzWj+1PKFsQke8l1NNFbdBNr91Rk5yZUii2OSlkczVnxMZVdZOVZh3Kopju+wV4n9eL8XoMsiETlLkmi0WRakkGJPicTIUhjOU05xQZkR+K2FjaijDPJ4iBG/55b/EP2teNd2780brukyjCkdwDKfgwQW04Bba4AODMTzBC7w6ynl23pz3RWvFKWcO4Recj2/yPY20</latexit><latexit sha1_base64="FJ5lJtJp32+HMGmkRmNqhwk6j+U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3S3U3YnQgl9C948aDi1V/kzX9j0uag1QcDj/dmmJkXJlJYdN0vp7Kyura+Ud2sbW3v7O7V9w8ebJwaxn0Wy9h0Q2q5FJr7KFDybmI4VaHknXByU/idR26siPU9ThMeKDrSIhKMYiH1E1Eb1Btu052D/CVeSRpQoj2of/aHMUsV18gktbbnuQkGGTUomOSzWj+1PKFsQke8l1NNFbdBNr91Rk5yZUii2OSlkczVnxMZVdZOVZh3Kopju+wV4n9eL8XoMsiETlLkmi0WRakkGJPicTIUhjOU05xQZkR+K2FjaijDPJ4iBG/55b/EP2teNd2780brukyjCkdwDKfgwQW04Bba4AODMTzBC7w6ynl23pz3RWvFKWcO4Recj2/yPY20</latexit><latexit sha1_base64="FJ5lJtJp32+HMGmkRmNqhwk6j+U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3S3U3YnQgl9C948aDi1V/kzX9j0uag1QcDj/dmmJkXJlJYdN0vp7Kyura+Ud2sbW3v7O7V9w8ebJwaxn0Wy9h0Q2q5FJr7KFDybmI4VaHknXByU/idR26siPU9ThMeKDrSIhKMYiH1E1Eb1Btu052D/CVeSRpQoj2of/aHMUsV18gktbbnuQkGGTUomOSzWj+1PKFsQke8l1NNFbdBNr91Rk5yZUii2OSlkczVnxMZVdZOVZh3Kopju+wV4n9eL8XoMsiETlLkmi0WRakkGJPicTIUhjOU05xQZkR+K2FjaijDPJ4iBG/55b/EP2teNd2780brukyjCkdwDKfgwQW04Bba4AODMTzBC7w6ynl23pz3RWvFKWcO4Recj2/yPY20</latexit> linear map L

<latexit sha1_base64="N+lsrbdQL11PMBqI1akHGkpQmII=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx48VDS20Iay2U7bpZtN2N0IJfQnePGg4tV/5M1/46bNQasPBh7vzTAzL0wE18Z1v5zS0vLK6lp5vbKxubW9U93de9Bxqhj6LBaxaodUo+ASfcONwHaikEahwFY4vsr91iMqzWN5byYJBhEdSj7gjBor3d2QSq9ac+vuDOQv8QpSgwLNXvWz249ZGqE0TFCtO56bmCCjynAmcFrpphoTysZ0iB1LJY1QB9ns1Ck5skqfDGJlSxoyU39OZDTSehKFtjOiZqQXvVz8z+ukZnAeZFwmqUHJ5osGqSAmJvnfpM8VMiMmllCmuL2VsBFVlBmbTh6Ct/jyX+Kf1C/q7u1prXFZpFGGAziEY/DgDBpwDU3wgcEQnuAFXh3hPDtvzvu8teQUM/vwC87HN5vHjOE=</latexit><latexit sha1_base64="N+lsrbdQL11PMBqI1akHGkpQmII=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx48VDS20Iay2U7bpZtN2N0IJfQnePGg4tV/5M1/46bNQasPBh7vzTAzL0wE18Z1v5zS0vLK6lp5vbKxubW9U93de9Bxqhj6LBaxaodUo+ASfcONwHaikEahwFY4vsr91iMqzWN5byYJBhEdSj7gjBor3d2QSq9ac+vuDOQv8QpSgwLNXvWz249ZGqE0TFCtO56bmCCjynAmcFrpphoTysZ0iB1LJY1QB9ns1Ck5skqfDGJlSxoyU39OZDTSehKFtjOiZqQXvVz8z+ukZnAeZFwmqUHJ5osGqSAmJvnfpM8VMiMmllCmuL2VsBFVlBmbTh6Ct/jyX+Kf1C/q7u1prXFZpFGGAziEY/DgDBpwDU3wgcEQnuAFXh3hPDtvzvu8teQUM/vwC87HN5vHjOE=</latexit><latexit sha1_base64="N+lsrbdQL11PMBqI1akHGkpQmII=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx48VDS20Iay2U7bpZtN2N0IJfQnePGg4tV/5M1/46bNQasPBh7vzTAzL0wE18Z1v5zS0vLK6lp5vbKxubW9U93de9Bxqhj6LBaxaodUo+ASfcONwHaikEahwFY4vsr91iMqzWN5byYJBhEdSj7gjBor3d2QSq9ac+vuDOQv8QpSgwLNXvWz249ZGqE0TFCtO56bmCCjynAmcFrpphoTysZ0iB1LJY1QB9ns1Ck5skqfDGJlSxoyU39OZDTSehKFtjOiZqQXvVz8z+ukZnAeZFwmqUHJ5osGqSAmJvnfpM8VMiMmllCmuL2VsBFVlBmbTh6Ct/jyX+Kf1C/q7u1prXFZpFGGAziEY/DgDBpwDU3wgcEQnuAFXh3hPDtvzvu8teQUM/vwC87HN5vHjOE=</latexit>

affine space 

K = Rm
+

<latexit sha1_base64="BwJzV4IfYQ+5vO3huJILHCQWUHM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgCCWx4mMhFN0IbqrYB7QxTKbTdujMJMxMxBLyK25cKOLWH3Hn35ikQdR6YOBwzr3cM8cLGFXasj6Nwtz8wuJScbm0srq2vmFullvKDyUmTewzX3Y8pAijgjQ11Yx0AkkQ9xhpe+OL1G/fE6moL271JCAOR0NBBxQjnUiuWb6CZ7DHkR55XnQT33F33zUrVtXKAGeJnZMKyNFwzY9e38chJ0JjhpTq2lagnQhJTTEjcakXKhIgPEZD0k2oQJwoJ8qyx3A3Ufpw4MvkCQ0z9edGhLhSE+4lk2lK9ddLxf+8bqgHJ05ERRBqIvD00CBkUPswLQL2qSRYs0lCEJY0yQrxCEmEdVJXKSvhNMXR95dnSeugateqtevDSv08r6MItsEO2AM2OAZ1cAkaoAkweACP4Bm8GLHxZLwab9PRgpHvbIFfMN6/AMlRk8c=</latexit>

P ⇢ Rn
<latexit sha1_base64="EX/patQ/B3u/w1mEvvwrw2rYtss=">AAAB/3icbVDLSgMxFM3UV62vquDGTbAIrsqMFR+7ohuXVewDOmNJ0kwbmskMSUYoYxf+ihsXirj1N9z5N2amg6j1QOBwzr3ck4MjzpS27U+rMDe/sLhUXC6trK6tb5Q3t1oqjCWhTRLyUHYwUpQzQZuaaU47kaQowJy28egi9dt3VCoWihs9jqgXoIFgPiNIG6lX3mlAV8VYUQ3dAOkhxsn15NYYFbtqZ4CzxMlJBeRo9Mofbj8kcUCFJhwp1XXsSHsJkpoRTiclN1Y0QmSEBrRrqEABVV6S5Z/AfaP0oR9K84SGmfpzI0GBUuMAm8k0o/rrpeJ/XjfW/qmXMBHFmgoyPeTHHOoQpmXAPpOUaD42BBHJTFZIhkgiok1lpayEsxTH31+eJa3DqlOr1q6OKvXzvI4i2AV74AA44ATUwSVogCYg4B48gmfwYj1YT9ar9TYdLVj5zjb4Bev9C9OMliA=</latexit>

P = ⇡(K \ L)?
<latexit sha1_base64="AO83rMcIDVNGQlSjjsLragsDL6s=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiRWfCzEohtBFxXsA5pQJtNJO3SSDDMTsYT+ihsXirj1R9z5N07SIGo9cOFwzr3ce4/HGZXKsj6NufmFxaXlwkpxdW19Y9PcKrVkFAtMmjhikeh4SBJGQ9JUVDHS4YKgwGOk7Y0uU799T4SkUXinxpy4ARqE1KcYKS31zFIDnkGH08o1dDDi8Gb/vGeWraqVAc4SOydlkKPRMz+cfoTjgIQKMyRl17a4chMkFMWMTIpOLAlHeIQGpKtpiAIi3SS7fQL3tNKHfiR0hQpm6s+JBAVSjgNPdwZIDeVfLxX/87qx8k/chIY8ViTE00V+zKCKYBoE7FNBsGJjTRAWVN8K8RAJhJWOq5iFcJri6PvlWdI6qNq1au32sFy/yOMogB2wCyrABsegDq5AAzQBBg/gETyDF2NiPBmvxtu0dc7IZ7bBLxjvX+lCko8=</latexit>



Polyhedral lifts of polytopes 

Given
<latexit sha1_base64="evWuqLPjzBW/lHV+thD4Wv73mio=">AAAB+XicbVA9TwJBEN3zE/Hr0NJmIzGxIocxUTuihZaYeEIChOwtA2zY27vszqHk5KfYWKix9Z/Y+W/cAwoFXzLJy3szmZkXxFIY9LxvZ2l5ZXVtPbeR39za3tl1C3v3Jko0B59HMtL1gBmQQoGPAiXUYw0sDCTUgsFV5teGoI2I1B2OYmiFrKdEV3CGVmq7hSbCIyZxSq/FENSY5ttu0St5E9BFUp6RIpmh2na/mp2IJyEo5JIZ0yh7MbZSplFwCeN8MzEQMz5gPWhYqlgIppVOTh/TI6t0aDfSthTSifp7ImWhMaMwsJ0hw76Z9zLxP6+RYPe8lQoVJwiKTxd1E0kxolkOtCM0cJQjSxjXwt5KeZ9pxtGmlYVQnn95kfgnpYuSd3tarFzO0siRA3JIjkmZnJEKuSFV4hNOHsgzeSVvzpPz4rw7H9PWJWc2s0/+wPn8ARHRk2k=</latexit><latexit sha1_base64="evWuqLPjzBW/lHV+thD4Wv73mio=">AAAB+XicbVA9TwJBEN3zE/Hr0NJmIzGxIocxUTuihZaYeEIChOwtA2zY27vszqHk5KfYWKix9Z/Y+W/cAwoFXzLJy3szmZkXxFIY9LxvZ2l5ZXVtPbeR39za3tl1C3v3Jko0B59HMtL1gBmQQoGPAiXUYw0sDCTUgsFV5teGoI2I1B2OYmiFrKdEV3CGVmq7hSbCIyZxSq/FENSY5ttu0St5E9BFUp6RIpmh2na/mp2IJyEo5JIZ0yh7MbZSplFwCeN8MzEQMz5gPWhYqlgIppVOTh/TI6t0aDfSthTSifp7ImWhMaMwsJ0hw76Z9zLxP6+RYPe8lQoVJwiKTxd1E0kxolkOtCM0cJQjSxjXwt5KeZ9pxtGmlYVQnn95kfgnpYuSd3tarFzO0siRA3JIjkmZnJEKuSFV4hNOHsgzeSVvzpPz4rw7H9PWJWc2s0/+wPn8ARHRk2k=</latexit><latexit sha1_base64="evWuqLPjzBW/lHV+thD4Wv73mio=">AAAB+XicbVA9TwJBEN3zE/Hr0NJmIzGxIocxUTuihZaYeEIChOwtA2zY27vszqHk5KfYWKix9Z/Y+W/cAwoFXzLJy3szmZkXxFIY9LxvZ2l5ZXVtPbeR39za3tl1C3v3Jko0B59HMtL1gBmQQoGPAiXUYw0sDCTUgsFV5teGoI2I1B2OYmiFrKdEV3CGVmq7hSbCIyZxSq/FENSY5ttu0St5E9BFUp6RIpmh2na/mp2IJyEo5JIZ0yh7MbZSplFwCeN8MzEQMz5gPWhYqlgIppVOTh/TI6t0aDfSthTSifp7ImWhMaMwsJ0hw76Z9zLxP6+RYPe8lQoVJwiKTxd1E0kxolkOtCM0cJQjSxjXwt5KeZ9pxtGmlYVQnn95kfgnpYuSd3tarFzO0siRA3JIjkmZnJEKuSFV4hNOHsgzeSVvzpPz4rw7H9PWJWc2s0/+wPn8ARHRk2k=</latexit>

polytope 

when is
<latexit sha1_base64="fZGMBrmd0wXOmtNm47xa6+X+Zc8=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRPJVEBPVW9OKxgrWFNpTNdtIu3WzC7kStofhXvHhQ8eoP8ea/MWl70NYHA4/3ZpiZ58dSGHScb6uwsLi0vFJcLa2tb2xu2ds7tyZKNIc6j2Skmz4zIIWCOgqU0Iw1sNCX0PAHl7nfuANtRKRucBiDF7KeEoHgDDOpY++1ER4wiVN63wdFhaEjWurYZafijEHniTslZTJFrWN/tbsRT0JQyCUzpuU6MXop0yi4hFGpnRiIGR+wHrQyqlgIxkvH14/oYaZ0aRDprBTSsfp7ImWhMcPQzzpDhn0z6+Xif14rweDMS4WKEwTFJ4uCRFKMaB4F7QoNHOUwI4xrkd1KeZ9pxjELLA/BnX15ntSPK+cV5/qkXL2YplEk++SAHBGXnJIquSI1UiecPJJn8krerCfrxXq3PiatBWs6s0v+wPr8AdgMlFw=</latexit><latexit sha1_base64="fZGMBrmd0wXOmtNm47xa6+X+Zc8=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRPJVEBPVW9OKxgrWFNpTNdtIu3WzC7kStofhXvHhQ8eoP8ea/MWl70NYHA4/3ZpiZ58dSGHScb6uwsLi0vFJcLa2tb2xu2ds7tyZKNIc6j2Skmz4zIIWCOgqU0Iw1sNCX0PAHl7nfuANtRKRucBiDF7KeEoHgDDOpY++1ER4wiVN63wdFhaEjWurYZafijEHniTslZTJFrWN/tbsRT0JQyCUzpuU6MXop0yi4hFGpnRiIGR+wHrQyqlgIxkvH14/oYaZ0aRDprBTSsfp7ImWhMcPQzzpDhn0z6+Xif14rweDMS4WKEwTFJ4uCRFKMaB4F7QoNHOUwI4xrkd1KeZ9pxjELLA/BnX15ntSPK+cV5/qkXL2YplEk++SAHBGXnJIquSI1UiecPJJn8krerCfrxXq3PiatBWs6s0v+wPr8AdgMlFw=</latexit><latexit sha1_base64="fZGMBrmd0wXOmtNm47xa6+X+Zc8=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRPJVEBPVW9OKxgrWFNpTNdtIu3WzC7kStofhXvHhQ8eoP8ea/MWl70NYHA4/3ZpiZ58dSGHScb6uwsLi0vFJcLa2tb2xu2ds7tyZKNIc6j2Skmz4zIIWCOgqU0Iw1sNCX0PAHl7nfuANtRKRucBiDF7KeEoHgDDOpY++1ER4wiVN63wdFhaEjWurYZafijEHniTslZTJFrWN/tbsRT0JQyCUzpuU6MXop0yi4hFGpnRiIGR+wHrQyqlgIxkvH14/oYaZ0aRDprBTSsfp7ImWhMcPQzzpDhn0z6+Xif14rweDMS4WKEwTFJ4uCRFKMaB4F7QoNHOUwI4xrkd1KeZ9pxjELLA/BnX15ntSPK+cV5/qkXL2YplEk++SAHBGXnJIquSI1UiecPJJn8krerCfrxXq3PiatBWs6s0v+wPr8AdgMlFw=</latexit>

⇡
<latexit sha1_base64="FJ5lJtJp32+HMGmkRmNqhwk6j+U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3S3U3YnQgl9C948aDi1V/kzX9j0uag1QcDj/dmmJkXJlJYdN0vp7Kyura+Ud2sbW3v7O7V9w8ebJwaxn0Wy9h0Q2q5FJr7KFDybmI4VaHknXByU/idR26siPU9ThMeKDrSIhKMYiH1E1Eb1Btu052D/CVeSRpQoj2of/aHMUsV18gktbbnuQkGGTUomOSzWj+1PKFsQke8l1NNFbdBNr91Rk5yZUii2OSlkczVnxMZVdZOVZh3Kopju+wV4n9eL8XoMsiETlLkmi0WRakkGJPicTIUhjOU05xQZkR+K2FjaijDPJ4iBG/55b/EP2teNd2780brukyjCkdwDKfgwQW04Bba4AODMTzBC7w6ynl23pz3RWvFKWcO4Recj2/yPY20</latexit><latexit sha1_base64="FJ5lJtJp32+HMGmkRmNqhwk6j+U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3S3U3YnQgl9C948aDi1V/kzX9j0uag1QcDj/dmmJkXJlJYdN0vp7Kyura+Ud2sbW3v7O7V9w8ebJwaxn0Wy9h0Q2q5FJr7KFDybmI4VaHknXByU/idR26siPU9ThMeKDrSIhKMYiH1E1Eb1Btu052D/CVeSRpQoj2of/aHMUsV18gktbbnuQkGGTUomOSzWj+1PKFsQke8l1NNFbdBNr91Rk5yZUii2OSlkczVnxMZVdZOVZh3Kopju+wV4n9eL8XoMsiETlLkmi0WRakkGJPicTIUhjOU05xQZkR+K2FjaijDPJ4iBG/55b/EP2teNd2780brukyjCkdwDKfgwQW04Bba4AODMTzBC7w6ynl23pz3RWvFKWcO4Recj2/yPY20</latexit><latexit sha1_base64="FJ5lJtJp32+HMGmkRmNqhwk6j+U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3S3U3YnQgl9C948aDi1V/kzX9j0uag1QcDj/dmmJkXJlJYdN0vp7Kyura+Ud2sbW3v7O7V9w8ebJwaxn0Wy9h0Q2q5FJr7KFDybmI4VaHknXByU/idR26siPU9ThMeKDrSIhKMYiH1E1Eb1Btu052D/CVeSRpQoj2of/aHMUsV18gktbbnuQkGGTUomOSzWj+1PKFsQke8l1NNFbdBNr91Rk5yZUii2OSlkczVnxMZVdZOVZh3Kopju+wV4n9eL8XoMsiETlLkmi0WRakkGJPicTIUhjOU05xQZkR+K2FjaijDPJ4iBG/55b/EP2teNd2780brukyjCkdwDKfgwQW04Bba4AODMTzBC7w6ynl23pz3RWvFKWcO4Recj2/yPY20</latexit> linear map L

<latexit sha1_base64="N+lsrbdQL11PMBqI1akHGkpQmII=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx48VDS20Iay2U7bpZtN2N0IJfQnePGg4tV/5M1/46bNQasPBh7vzTAzL0wE18Z1v5zS0vLK6lp5vbKxubW9U93de9Bxqhj6LBaxaodUo+ASfcONwHaikEahwFY4vsr91iMqzWN5byYJBhEdSj7gjBor3d2QSq9ac+vuDOQv8QpSgwLNXvWz249ZGqE0TFCtO56bmCCjynAmcFrpphoTysZ0iB1LJY1QB9ns1Ck5skqfDGJlSxoyU39OZDTSehKFtjOiZqQXvVz8z+ukZnAeZFwmqUHJ5osGqSAmJvnfpM8VMiMmllCmuL2VsBFVlBmbTh6Ct/jyX+Kf1C/q7u1prXFZpFGGAziEY/DgDBpwDU3wgcEQnuAFXh3hPDtvzvu8teQUM/vwC87HN5vHjOE=</latexit><latexit sha1_base64="N+lsrbdQL11PMBqI1akHGkpQmII=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx48VDS20Iay2U7bpZtN2N0IJfQnePGg4tV/5M1/46bNQasPBh7vzTAzL0wE18Z1v5zS0vLK6lp5vbKxubW9U93de9Bxqhj6LBaxaodUo+ASfcONwHaikEahwFY4vsr91iMqzWN5byYJBhEdSj7gjBor3d2QSq9ac+vuDOQv8QpSgwLNXvWz249ZGqE0TFCtO56bmCCjynAmcFrpphoTysZ0iB1LJY1QB9ns1Ck5skqfDGJlSxoyU39OZDTSehKFtjOiZqQXvVz8z+ukZnAeZFwmqUHJ5osGqSAmJvnfpM8VMiMmllCmuL2VsBFVlBmbTh6Ct/jyX+Kf1C/q7u1prXFZpFGGAziEY/DgDBpwDU3wgcEQnuAFXh3hPDtvzvu8teQUM/vwC87HN5vHjOE=</latexit><latexit sha1_base64="N+lsrbdQL11PMBqI1akHGkpQmII=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx48VDS20Iay2U7bpZtN2N0IJfQnePGg4tV/5M1/46bNQasPBh7vzTAzL0wE18Z1v5zS0vLK6lp5vbKxubW9U93de9Bxqhj6LBaxaodUo+ASfcONwHaikEahwFY4vsr91iMqzWN5byYJBhEdSj7gjBor3d2QSq9ac+vuDOQv8QpSgwLNXvWz249ZGqE0TFCtO56bmCCjynAmcFrpphoTysZ0iB1LJY1QB9ns1Ck5skqfDGJlSxoyU39OZDTSehKFtjOiZqQXvVz8z+ukZnAeZFwmqUHJ5osGqSAmJvnfpM8VMiMmllCmuL2VsBFVlBmbTh6Ct/jyX+Kf1C/q7u1prXFZpFGGAziEY/DgDBpwDU3wgcEQnuAFXh3hPDtvzvu8teQUM/vwC87HN5vHjOE=</latexit>

affine space 

K = Rm
+

<latexit sha1_base64="BwJzV4IfYQ+5vO3huJILHCQWUHM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgCCWx4mMhFN0IbqrYB7QxTKbTdujMJMxMxBLyK25cKOLWH3Hn35ikQdR6YOBwzr3cM8cLGFXasj6Nwtz8wuJScbm0srq2vmFullvKDyUmTewzX3Y8pAijgjQ11Yx0AkkQ9xhpe+OL1G/fE6moL271JCAOR0NBBxQjnUiuWb6CZ7DHkR55XnQT33F33zUrVtXKAGeJnZMKyNFwzY9e38chJ0JjhpTq2lagnQhJTTEjcakXKhIgPEZD0k2oQJwoJ8qyx3A3Ufpw4MvkCQ0z9edGhLhSE+4lk2lK9ddLxf+8bqgHJ05ERRBqIvD00CBkUPswLQL2qSRYs0lCEJY0yQrxCEmEdVJXKSvhNMXR95dnSeugateqtevDSv08r6MItsEO2AM2OAZ1cAkaoAkweACP4Bm8GLHxZLwab9PRgpHvbIFfMN6/AMlRk8c=</latexit>

P ⇢ Rn
<latexit sha1_base64="EX/patQ/B3u/w1mEvvwrw2rYtss=">AAAB/3icbVDLSgMxFM3UV62vquDGTbAIrsqMFR+7ohuXVewDOmNJ0kwbmskMSUYoYxf+ihsXirj1N9z5N2amg6j1QOBwzr3ck4MjzpS27U+rMDe/sLhUXC6trK6tb5Q3t1oqjCWhTRLyUHYwUpQzQZuaaU47kaQowJy28egi9dt3VCoWihs9jqgXoIFgPiNIG6lX3mlAV8VYUQ3dAOkhxsn15NYYFbtqZ4CzxMlJBeRo9Mofbj8kcUCFJhwp1XXsSHsJkpoRTiclN1Y0QmSEBrRrqEABVV6S5Z/AfaP0oR9K84SGmfpzI0GBUuMAm8k0o/rrpeJ/XjfW/qmXMBHFmgoyPeTHHOoQpmXAPpOUaD42BBHJTFZIhkgiok1lpayEsxTH31+eJa3DqlOr1q6OKvXzvI4i2AV74AA44ATUwSVogCYg4B48gmfwYj1YT9ar9TYdLVj5zjb4Bev9C9OMliA=</latexit>

P = ⇡(K \ L)?
<latexit sha1_base64="AO83rMcIDVNGQlSjjsLragsDL6s=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiRWfCzEohtBFxXsA5pQJtNJO3SSDDMTsYT+ihsXirj1R9z5N07SIGo9cOFwzr3ce4/HGZXKsj6NufmFxaXlwkpxdW19Y9PcKrVkFAtMmjhikeh4SBJGQ9JUVDHS4YKgwGOk7Y0uU799T4SkUXinxpy4ARqE1KcYKS31zFIDnkGH08o1dDDi8Gb/vGeWraqVAc4SOydlkKPRMz+cfoTjgIQKMyRl17a4chMkFMWMTIpOLAlHeIQGpKtpiAIi3SS7fQL3tNKHfiR0hQpm6s+JBAVSjgNPdwZIDeVfLxX/87qx8k/chIY8ViTE00V+zKCKYBoE7FNBsGJjTRAWVN8K8RAJhJWOq5iFcJri6PvlWdI6qNq1au32sFy/yOMogB2wCyrABsegDq5AAzQBBg/gETyDF2NiPBmvxtu0dc7IZ7bBLxjvX+lCko8=</latexit>

f facets
<latexit sha1_base64="iEoPfTiPmxwOxfckLmyoSVXQbb8=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7Argh6DXjxGMA9IljA76U2GzD6Y6ZWEZX/FiwdFvPoj3vwbJ8keNLGgoajqprvLT6TQ6DjfVmljc2t7p7xb2ds/ODyyj6ttHaeKQ4vHMlZdn2mQIoIWCpTQTRSw0JfQ8Sd3c7/zBEqLOHrEWQJeyEaRCARnaKSBXQ1oH2GKaZLRgHFAnQ/smlN3FqDrxC1IjRRoDuyv/jDmaQgRcsm07rlOgl7GFAouIa/0Uw0J4xM2gp6hEQtBe9ni9pyeG2VIg1iZipAu1N8TGQu1noW+6QwZjvWqNxf/83opBjdeJqIkRYj4clGQSooxnQdBh0IBRzkzhHElzK2Uj5liHE1cFROCu/ryOmlf1l2n7j5c1Rq3RRxlckrOyAVxyTVpkHvSJC3CyZQ8k1fyZuXWi/VufSxbS1Yxc0L+wPr8ARqxlHk=</latexit><latexit sha1_base64="iEoPfTiPmxwOxfckLmyoSVXQbb8=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7Argh6DXjxGMA9IljA76U2GzD6Y6ZWEZX/FiwdFvPoj3vwbJ8keNLGgoajqprvLT6TQ6DjfVmljc2t7p7xb2ds/ODyyj6ttHaeKQ4vHMlZdn2mQIoIWCpTQTRSw0JfQ8Sd3c7/zBEqLOHrEWQJeyEaRCARnaKSBXQ1oH2GKaZLRgHFAnQ/smlN3FqDrxC1IjRRoDuyv/jDmaQgRcsm07rlOgl7GFAouIa/0Uw0J4xM2gp6hEQtBe9ni9pyeG2VIg1iZipAu1N8TGQu1noW+6QwZjvWqNxf/83opBjdeJqIkRYj4clGQSooxnQdBh0IBRzkzhHElzK2Uj5liHE1cFROCu/ryOmlf1l2n7j5c1Rq3RRxlckrOyAVxyTVpkHvSJC3CyZQ8k1fyZuXWi/VufSxbS1Yxc0L+wPr8ARqxlHk=</latexit><latexit sha1_base64="iEoPfTiPmxwOxfckLmyoSVXQbb8=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7Argh6DXjxGMA9IljA76U2GzD6Y6ZWEZX/FiwdFvPoj3vwbJ8keNLGgoajqprvLT6TQ6DjfVmljc2t7p7xb2ds/ODyyj6ttHaeKQ4vHMlZdn2mQIoIWCpTQTRSw0JfQ8Sd3c7/zBEqLOHrEWQJeyEaRCARnaKSBXQ1oH2GKaZLRgHFAnQ/smlN3FqDrxC1IjRRoDuyv/jDmaQgRcsm07rlOgl7GFAouIa/0Uw0J4xM2gp6hEQtBe9ni9pyeG2VIg1iZipAu1N8TGQu1noW+6QwZjvWqNxf/83opBjdeJqIkRYj4clGQSooxnQdBh0IBRzkzhHElzK2Uj5liHE1cFROCu/ryOmlf1l2n7j5c1Rq3RRxlckrOyAVxyTVpkHvSJC3CyZQ8k1fyZuXWi/VufSxbS1Yxc0L+wPr8ARqxlHk=</latexit><latexit sha1_base64="iEoPfTiPmxwOxfckLmyoSVXQbb8=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7Argh6DXjxGMA9IljA76U2GzD6Y6ZWEZX/FiwdFvPoj3vwbJ8keNLGgoajqprvLT6TQ6DjfVmljc2t7p7xb2ds/ODyyj6ttHaeKQ4vHMlZdn2mQIoIWCpTQTRSw0JfQ8Sd3c7/zBEqLOHrEWQJeyEaRCARnaKSBXQ1oH2GKaZLRgHFAnQ/smlN3FqDrxC1IjRRoDuyv/jDmaQgRcsm07rlOgl7GFAouIa/0Uw0J4xM2gp6hEQtBe9ni9pyeG2VIg1iZipAu1N8TGQu1noW+6QwZjvWqNxf/83opBjdeJqIkRYj4clGQSooxnQdBh0IBRzkzhHElzK2Uj5liHE1cFROCu/ryOmlf1l2n7j5c1Rq3RRxlckrOyAVxyTVpkHvSJC3CyZQ8k1fyZuXWi/VufSxbS1Yxc0L+wPr8ARqxlHk=</latexit>

v vertices
<latexit sha1_base64="6Tzf+Uh2ERnxFaIEoeGmgvMNENM=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjgi6LblxWsA9oh5JJb9vQzIPkTrEOxV9x40IRt/6HO//GTDsLbT0QOJxzbnJz/FgKjY7zbRVWVtfWN4qbpa3tnd09e/+goaNEcajzSEaq5TMNUoRQR4ESWrECFvgSmv7oJvObY1BaROE9TmLwAjYIRV9whkbq2kdj2kF4wCROqcmh4KCnXbvsVJwZ6DJxc1ImOWpd+6vTi3gSQIhcMq3brhOjl7LsPgnTUifREDM+YgNoGxqyALSXzraf0lOj9Gg/UuaESGfq74mUBVpPAt8kA4ZDvehl4n9eO8H+lZeKME4QQj5/qJ9IihHNqqA9oYCjnBjCuBJmV8qHTDGOprCSKcFd/PIyaZxXXKfi3l2Uq9d5HUVyTE7IGXHJJamSW1IjdcLJI3kmr+TNerJerHfrYx4tWPnMIfkD6/MH+BSVjA==</latexit><latexit sha1_base64="6Tzf+Uh2ERnxFaIEoeGmgvMNENM=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjgi6LblxWsA9oh5JJb9vQzIPkTrEOxV9x40IRt/6HO//GTDsLbT0QOJxzbnJz/FgKjY7zbRVWVtfWN4qbpa3tnd09e/+goaNEcajzSEaq5TMNUoRQR4ESWrECFvgSmv7oJvObY1BaROE9TmLwAjYIRV9whkbq2kdj2kF4wCROqcmh4KCnXbvsVJwZ6DJxc1ImOWpd+6vTi3gSQIhcMq3brhOjl7LsPgnTUifREDM+YgNoGxqyALSXzraf0lOj9Gg/UuaESGfq74mUBVpPAt8kA4ZDvehl4n9eO8H+lZeKME4QQj5/qJ9IihHNqqA9oYCjnBjCuBJmV8qHTDGOprCSKcFd/PIyaZxXXKfi3l2Uq9d5HUVyTE7IGXHJJamSW1IjdcLJI3kmr+TNerJerHfrYx4tWPnMIfkD6/MH+BSVjA==</latexit><latexit sha1_base64="6Tzf+Uh2ERnxFaIEoeGmgvMNENM=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjgi6LblxWsA9oh5JJb9vQzIPkTrEOxV9x40IRt/6HO//GTDsLbT0QOJxzbnJz/FgKjY7zbRVWVtfWN4qbpa3tnd09e/+goaNEcajzSEaq5TMNUoRQR4ESWrECFvgSmv7oJvObY1BaROE9TmLwAjYIRV9whkbq2kdj2kF4wCROqcmh4KCnXbvsVJwZ6DJxc1ImOWpd+6vTi3gSQIhcMq3brhOjl7LsPgnTUifREDM+YgNoGxqyALSXzraf0lOj9Gg/UuaESGfq74mUBVpPAt8kA4ZDvehl4n9eO8H+lZeKME4QQj5/qJ9IihHNqqA9oYCjnBjCuBJmV8qHTDGOprCSKcFd/PIyaZxXXKfi3l2Uq9d5HUVyTE7IGXHJJamSW1IjdcLJI3kmr+TNerJerHfrYx4tWPnMIfkD6/MH+BSVjA==</latexit><latexit sha1_base64="6Tzf+Uh2ERnxFaIEoeGmgvMNENM=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjgi6LblxWsA9oh5JJb9vQzIPkTrEOxV9x40IRt/6HO//GTDsLbT0QOJxzbnJz/FgKjY7zbRVWVtfWN4qbpa3tnd09e/+goaNEcajzSEaq5TMNUoRQR4ESWrECFvgSmv7oJvObY1BaROE9TmLwAjYIRV9whkbq2kdj2kF4wCROqcmh4KCnXbvsVJwZ6DJxc1ImOWpd+6vTi3gSQIhcMq3brhOjl7LsPgnTUifREDM+YgNoGxqyALSXzraf0lOj9Gg/UuaESGfq74mUBVpPAt8kA4ZDvehl4n9eO8H+lZeKME4QQj5/qJ9IihHNqqA9oYCjnBjCuBJmV8qHTDGOprCSKcFd/PIyaZxXXKfi3l2Uq9d5HUVyTE7IGXHJJamSW1IjdcLJI3kmr+TNerJerHfrYx4tWPnMIfkD6/MH+BSVjA==</latexit>

P = {x 2 Rn : Fx  d}
<latexit sha1_base64="/RVYCNYasOOcECn94Ca4yH0Zy0c="></latexit><latexit sha1_base64="/RVYCNYasOOcECn94Ca4yH0Zy0c="></latexit><latexit sha1_base64="/RVYCNYasOOcECn94Ca4yH0Zy0c="></latexit><latexit sha1_base64="/RVYCNYasOOcECn94Ca4yH0Zy0c="></latexit> SP =

0

BB@

...
· · · dj � f>

j vi · · ·
...

1

CCA

<latexit sha1_base64="bZD+/zMsqJ6ttLxFbt5hByUIPd0="></latexit><latexit sha1_base64="bZD+/zMsqJ6ttLxFbt5hByUIPd0="></latexit><latexit sha1_base64="bZD+/zMsqJ6ttLxFbt5hByUIPd0="></latexit><latexit sha1_base64="bZD+/zMsqJ6ttLxFbt5hByUIPd0="></latexit>

vi
<latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit>

dj � f

>
j x � 0

<latexit sha1_base64="/ct6tjkSHT8Jy2SE27pDWnvMwtM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR3FgSEXRZdOOygn1AE8NkMmmnnczEmYlYQt34K25cKOLWv3Dn3zh9LLT1wIXDOfdy7z1hyqjSjvNtFRYWl5ZXiqultfWNzS17e6ehRCYxqWPBhGyFSBFGOalrqhlppZKgJGSkGfYvR37znkhFBb/Rg5T4CepwGlOMtJECey8KevAYxkHv1tMihQ/Q65A76MDALjsVZww4T9wpKYMpaoH95UUCZwnhGjOkVNt1Uu3nSGqKGRmWvEyRFOE+6pC2oRwlRPn5+IMhPDRKBGMhTXENx+rviRwlSg2S0HQmSHfVrDcS//PamY7P/ZzyNNOE48miOGNQCziKA0ZUEqzZwBCEJTW3QtxFEmFtQiuZENzZl+dJ46TiOhX3+rRcvZjGUQT74AAcARecgSq4AjVQBxg8gmfwCt6sJ+vFerc+Jq0FazqzC/7A+vwB19qVMg==</latexit><latexit sha1_base64="/ct6tjkSHT8Jy2SE27pDWnvMwtM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR3FgSEXRZdOOygn1AE8NkMmmnnczEmYlYQt34K25cKOLWv3Dn3zh9LLT1wIXDOfdy7z1hyqjSjvNtFRYWl5ZXiqultfWNzS17e6ehRCYxqWPBhGyFSBFGOalrqhlppZKgJGSkGfYvR37znkhFBb/Rg5T4CepwGlOMtJECey8KevAYxkHv1tMihQ/Q65A76MDALjsVZww4T9wpKYMpaoH95UUCZwnhGjOkVNt1Uu3nSGqKGRmWvEyRFOE+6pC2oRwlRPn5+IMhPDRKBGMhTXENx+rviRwlSg2S0HQmSHfVrDcS//PamY7P/ZzyNNOE48miOGNQCziKA0ZUEqzZwBCEJTW3QtxFEmFtQiuZENzZl+dJ46TiOhX3+rRcvZjGUQT74AAcARecgSq4AjVQBxg8gmfwCt6sJ+vFerc+Jq0FazqzC/7A+vwB19qVMg==</latexit><latexit sha1_base64="/ct6tjkSHT8Jy2SE27pDWnvMwtM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR3FgSEXRZdOOygn1AE8NkMmmnnczEmYlYQt34K25cKOLWv3Dn3zh9LLT1wIXDOfdy7z1hyqjSjvNtFRYWl5ZXiqultfWNzS17e6ehRCYxqWPBhGyFSBFGOalrqhlppZKgJGSkGfYvR37znkhFBb/Rg5T4CepwGlOMtJECey8KevAYxkHv1tMihQ/Q65A76MDALjsVZww4T9wpKYMpaoH95UUCZwnhGjOkVNt1Uu3nSGqKGRmWvEyRFOE+6pC2oRwlRPn5+IMhPDRKBGMhTXENx+rviRwlSg2S0HQmSHfVrDcS//PamY7P/ZzyNNOE48miOGNQCziKA0ZUEqzZwBCEJTW3QtxFEmFtQiuZENzZl+dJ46TiOhX3+rRcvZjGUQT74AAcARecgSq4AjVQBxg8gmfwCt6sJ+vFerc+Jq0FazqzC/7A+vwB19qVMg==</latexit><latexit sha1_base64="/ct6tjkSHT8Jy2SE27pDWnvMwtM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR3FgSEXRZdOOygn1AE8NkMmmnnczEmYlYQt34K25cKOLWv3Dn3zh9LLT1wIXDOfdy7z1hyqjSjvNtFRYWl5ZXiqultfWNzS17e6ehRCYxqWPBhGyFSBFGOalrqhlppZKgJGSkGfYvR37znkhFBb/Rg5T4CepwGlOMtJECey8KevAYxkHv1tMihQ/Q65A76MDALjsVZww4T9wpKYMpaoH95UUCZwnhGjOkVNt1Uu3nSGqKGRmWvEyRFOE+6pC2oRwlRPn5+IMhPDRKBGMhTXENx+rviRwlSg2S0HQmSHfVrDcS//PamY7P/ZzyNNOE48miOGNQCziKA0ZUEqzZwBCEJTW3QtxFEmFtQiuZENzZl+dJ46TiOhX3+rRcvZjGUQT74AAcARecgSq4AjVQBxg8gmfwCt6sJ+vFerc+Jq0FazqzC/7A+vwB19qVMg==</latexit>

v ⇥ f
<latexit sha1_base64="XewBBvUFLBmCkT+RNRYpWXPBFww=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae2oWy2m3bpZhN2J4US+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6xGnC/YgOlQgFo2ilpwnpoYi4IWG/XHGr7gJknXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+VeqnhCWVjOuRdSxW1a/xscfGMXFhlQMJY21JIFurviYxGxkyjwHZGFEdm1ZuL/3ndFMMbPxMqSZErtlwUppJgTObvk4HQnKGcWkKZFvZWwkZUU4Y2pJINwVt9eZ20rqqeW/Ueriv12zyOIpzBOVyCBzWowz00oAkMFDzDK7w5xnlx3p2PZWvByWdO4Q+czx8CzpB4</latexit><latexit sha1_base64="XewBBvUFLBmCkT+RNRYpWXPBFww=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae2oWy2m3bpZhN2J4US+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6xGnC/YgOlQgFo2ilpwnpoYi4IWG/XHGr7gJknXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+VeqnhCWVjOuRdSxW1a/xscfGMXFhlQMJY21JIFurviYxGxkyjwHZGFEdm1ZuL/3ndFMMbPxMqSZErtlwUppJgTObvk4HQnKGcWkKZFvZWwkZUU4Y2pJINwVt9eZ20rqqeW/Ueriv12zyOIpzBOVyCBzWowz00oAkMFDzDK7w5xnlx3p2PZWvByWdO4Q+czx8CzpB4</latexit><latexit sha1_base64="XewBBvUFLBmCkT+RNRYpWXPBFww=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae2oWy2m3bpZhN2J4US+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6xGnC/YgOlQgFo2ilpwnpoYi4IWG/XHGr7gJknXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+VeqnhCWVjOuRdSxW1a/xscfGMXFhlQMJY21JIFurviYxGxkyjwHZGFEdm1ZuL/3ndFMMbPxMqSZErtlwUppJgTObvk4HQnKGcWkKZFvZWwkZUU4Y2pJINwVt9eZ20rqqeW/Ueriv12zyOIpzBOVyCBzWowz00oAkMFDzDK7w5xnlx3p2PZWvByWdO4Q+czx8CzpB4</latexit><latexit sha1_base64="XewBBvUFLBmCkT+RNRYpWXPBFww=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae2oWy2m3bpZhN2J4US+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6xGnC/YgOlQgFo2ilpwnpoYi4IWG/XHGr7gJknXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+VeqnhCWVjOuRdSxW1a/xscfGMXFhlQMJY21JIFurviYxGxkyjwHZGFEdm1ZuL/3ndFMMbPxMqSZErtlwUppJgTObvk4HQnKGcWkKZFvZWwkZUU4Y2pJINwVt9eZ20rqqeW/Ueriv12zyOIpzBOVyCBzWowz00oAkMFDzDK7w5xnlx3p2PZWvByWdO4Q+czx8CzpB4</latexit>

slack matrix of P



S :=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 0 1 2 2 1

1 0 0 1 2 2

2 1 0 0 1 2

2 2 1 0 0 1

1 2 2 1 0 0

0 1 2 2 1 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

f facets
<latexit sha1_base64="iEoPfTiPmxwOxfckLmyoSVXQbb8=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7Argh6DXjxGMA9IljA76U2GzD6Y6ZWEZX/FiwdFvPoj3vwbJ8keNLGgoajqprvLT6TQ6DjfVmljc2t7p7xb2ds/ODyyj6ttHaeKQ4vHMlZdn2mQIoIWCpTQTRSw0JfQ8Sd3c7/zBEqLOHrEWQJeyEaRCARnaKSBXQ1oH2GKaZLRgHFAnQ/smlN3FqDrxC1IjRRoDuyv/jDmaQgRcsm07rlOgl7GFAouIa/0Uw0J4xM2gp6hEQtBe9ni9pyeG2VIg1iZipAu1N8TGQu1noW+6QwZjvWqNxf/83opBjdeJqIkRYj4clGQSooxnQdBh0IBRzkzhHElzK2Uj5liHE1cFROCu/ryOmlf1l2n7j5c1Rq3RRxlckrOyAVxyTVpkHvSJC3CyZQ8k1fyZuXWi/VufSxbS1Yxc0L+wPr8ARqxlHk=</latexit><latexit sha1_base64="iEoPfTiPmxwOxfckLmyoSVXQbb8=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7Argh6DXjxGMA9IljA76U2GzD6Y6ZWEZX/FiwdFvPoj3vwbJ8keNLGgoajqprvLT6TQ6DjfVmljc2t7p7xb2ds/ODyyj6ttHaeKQ4vHMlZdn2mQIoIWCpTQTRSw0JfQ8Sd3c7/zBEqLOHrEWQJeyEaRCARnaKSBXQ1oH2GKaZLRgHFAnQ/smlN3FqDrxC1IjRRoDuyv/jDmaQgRcsm07rlOgl7GFAouIa/0Uw0J4xM2gp6hEQtBe9ni9pyeG2VIg1iZipAu1N8TGQu1noW+6QwZjvWqNxf/83opBjdeJqIkRYj4clGQSooxnQdBh0IBRzkzhHElzK2Uj5liHE1cFROCu/ryOmlf1l2n7j5c1Rq3RRxlckrOyAVxyTVpkHvSJC3CyZQ8k1fyZuXWi/VufSxbS1Yxc0L+wPr8ARqxlHk=</latexit><latexit sha1_base64="iEoPfTiPmxwOxfckLmyoSVXQbb8=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7Argh6DXjxGMA9IljA76U2GzD6Y6ZWEZX/FiwdFvPoj3vwbJ8keNLGgoajqprvLT6TQ6DjfVmljc2t7p7xb2ds/ODyyj6ttHaeKQ4vHMlZdn2mQIoIWCpTQTRSw0JfQ8Sd3c7/zBEqLOHrEWQJeyEaRCARnaKSBXQ1oH2GKaZLRgHFAnQ/smlN3FqDrxC1IjRRoDuyv/jDmaQgRcsm07rlOgl7GFAouIa/0Uw0J4xM2gp6hEQtBe9ni9pyeG2VIg1iZipAu1N8TGQu1noW+6QwZjvWqNxf/83opBjdeJqIkRYj4clGQSooxnQdBh0IBRzkzhHElzK2Uj5liHE1cFROCu/ryOmlf1l2n7j5c1Rq3RRxlckrOyAVxyTVpkHvSJC3CyZQ8k1fyZuXWi/VufSxbS1Yxc0L+wPr8ARqxlHk=</latexit><latexit sha1_base64="iEoPfTiPmxwOxfckLmyoSVXQbb8=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7Argh6DXjxGMA9IljA76U2GzD6Y6ZWEZX/FiwdFvPoj3vwbJ8keNLGgoajqprvLT6TQ6DjfVmljc2t7p7xb2ds/ODyyj6ttHaeKQ4vHMlZdn2mQIoIWCpTQTRSw0JfQ8Sd3c7/zBEqLOHrEWQJeyEaRCARnaKSBXQ1oH2GKaZLRgHFAnQ/smlN3FqDrxC1IjRRoDuyv/jDmaQgRcsm07rlOgl7GFAouIa/0Uw0J4xM2gp6hEQtBe9ni9pyeG2VIg1iZipAu1N8TGQu1noW+6QwZjvWqNxf/83opBjdeJqIkRYj4clGQSooxnQdBh0IBRzkzhHElzK2Uj5liHE1cFROCu/ryOmlf1l2n7j5c1Rq3RRxlckrOyAVxyTVpkHvSJC3CyZQ8k1fyZuXWi/VufSxbS1Yxc0L+wPr8ARqxlHk=</latexit>

v vertices
<latexit sha1_base64="6Tzf+Uh2ERnxFaIEoeGmgvMNENM=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjgi6LblxWsA9oh5JJb9vQzIPkTrEOxV9x40IRt/6HO//GTDsLbT0QOJxzbnJz/FgKjY7zbRVWVtfWN4qbpa3tnd09e/+goaNEcajzSEaq5TMNUoRQR4ESWrECFvgSmv7oJvObY1BaROE9TmLwAjYIRV9whkbq2kdj2kF4wCROqcmh4KCnXbvsVJwZ6DJxc1ImOWpd+6vTi3gSQIhcMq3brhOjl7LsPgnTUifREDM+YgNoGxqyALSXzraf0lOj9Gg/UuaESGfq74mUBVpPAt8kA4ZDvehl4n9eO8H+lZeKME4QQj5/qJ9IihHNqqA9oYCjnBjCuBJmV8qHTDGOprCSKcFd/PIyaZxXXKfi3l2Uq9d5HUVyTE7IGXHJJamSW1IjdcLJI3kmr+TNerJerHfrYx4tWPnMIfkD6/MH+BSVjA==</latexit><latexit sha1_base64="6Tzf+Uh2ERnxFaIEoeGmgvMNENM=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjgi6LblxWsA9oh5JJb9vQzIPkTrEOxV9x40IRt/6HO//GTDsLbT0QOJxzbnJz/FgKjY7zbRVWVtfWN4qbpa3tnd09e/+goaNEcajzSEaq5TMNUoRQR4ESWrECFvgSmv7oJvObY1BaROE9TmLwAjYIRV9whkbq2kdj2kF4wCROqcmh4KCnXbvsVJwZ6DJxc1ImOWpd+6vTi3gSQIhcMq3brhOjl7LsPgnTUifREDM+YgNoGxqyALSXzraf0lOj9Gg/UuaESGfq74mUBVpPAt8kA4ZDvehl4n9eO8H+lZeKME4QQj5/qJ9IihHNqqA9oYCjnBjCuBJmV8qHTDGOprCSKcFd/PIyaZxXXKfi3l2Uq9d5HUVyTE7IGXHJJamSW1IjdcLJI3kmr+TNerJerHfrYx4tWPnMIfkD6/MH+BSVjA==</latexit><latexit sha1_base64="6Tzf+Uh2ERnxFaIEoeGmgvMNENM=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjgi6LblxWsA9oh5JJb9vQzIPkTrEOxV9x40IRt/6HO//GTDsLbT0QOJxzbnJz/FgKjY7zbRVWVtfWN4qbpa3tnd09e/+goaNEcajzSEaq5TMNUoRQR4ESWrECFvgSmv7oJvObY1BaROE9TmLwAjYIRV9whkbq2kdj2kF4wCROqcmh4KCnXbvsVJwZ6DJxc1ImOWpd+6vTi3gSQIhcMq3brhOjl7LsPgnTUifREDM+YgNoGxqyALSXzraf0lOj9Gg/UuaESGfq74mUBVpPAt8kA4ZDvehl4n9eO8H+lZeKME4QQj5/qJ9IihHNqqA9oYCjnBjCuBJmV8qHTDGOprCSKcFd/PIyaZxXXKfi3l2Uq9d5HUVyTE7IGXHJJamSW1IjdcLJI3kmr+TNerJerHfrYx4tWPnMIfkD6/MH+BSVjA==</latexit><latexit sha1_base64="6Tzf+Uh2ERnxFaIEoeGmgvMNENM=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjgi6LblxWsA9oh5JJb9vQzIPkTrEOxV9x40IRt/6HO//GTDsLbT0QOJxzbnJz/FgKjY7zbRVWVtfWN4qbpa3tnd09e/+goaNEcajzSEaq5TMNUoRQR4ESWrECFvgSmv7oJvObY1BaROE9TmLwAjYIRV9whkbq2kdj2kF4wCROqcmh4KCnXbvsVJwZ6DJxc1ImOWpd+6vTi3gSQIhcMq3brhOjl7LsPgnTUifREDM+YgNoGxqyALSXzraf0lOj9Gg/UuaESGfq74mUBVpPAt8kA4ZDvehl4n9eO8H+lZeKME4QQj5/qJ9IihHNqqA9oYCjnBjCuBJmV8qHTDGOprCSKcFd/PIyaZxXXKfi3l2Uq9d5HUVyTE7IGXHJJamSW1IjdcLJI3kmr+TNerJerHfrYx4tWPnMIfkD6/MH+BSVjA==</latexit>

P = {x 2 Rn : Fx  d}
<latexit sha1_base64="/RVYCNYasOOcECn94Ca4yH0Zy0c="></latexit><latexit sha1_base64="/RVYCNYasOOcECn94Ca4yH0Zy0c="></latexit><latexit sha1_base64="/RVYCNYasOOcECn94Ca4yH0Zy0c="></latexit><latexit sha1_base64="/RVYCNYasOOcECn94Ca4yH0Zy0c="></latexit> SP =

0

BB@

...
· · · dj � f>

j vi · · ·
...

1

CCA

<latexit sha1_base64="bZD+/zMsqJ6ttLxFbt5hByUIPd0="></latexit><latexit sha1_base64="bZD+/zMsqJ6ttLxFbt5hByUIPd0="></latexit><latexit sha1_base64="bZD+/zMsqJ6ttLxFbt5hByUIPd0="></latexit><latexit sha1_base64="bZD+/zMsqJ6ttLxFbt5hByUIPd0="></latexit>

vi
<latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit><latexit sha1_base64="SZgEewXqPKGPrjDdSUmH9iyx/Q8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0lf9MsVt+ouQNaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1ucOiMXVhmQMNa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfF8MbPhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMhPMMrvDnSeXHenY9la8HJZ07hD5zPH12EjdY=</latexit>

dj � f

>
j x � 0

<latexit sha1_base64="/ct6tjkSHT8Jy2SE27pDWnvMwtM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR3FgSEXRZdOOygn1AE8NkMmmnnczEmYlYQt34K25cKOLWv3Dn3zh9LLT1wIXDOfdy7z1hyqjSjvNtFRYWl5ZXiqultfWNzS17e6ehRCYxqWPBhGyFSBFGOalrqhlppZKgJGSkGfYvR37znkhFBb/Rg5T4CepwGlOMtJECey8KevAYxkHv1tMihQ/Q65A76MDALjsVZww4T9wpKYMpaoH95UUCZwnhGjOkVNt1Uu3nSGqKGRmWvEyRFOE+6pC2oRwlRPn5+IMhPDRKBGMhTXENx+rviRwlSg2S0HQmSHfVrDcS//PamY7P/ZzyNNOE48miOGNQCziKA0ZUEqzZwBCEJTW3QtxFEmFtQiuZENzZl+dJ46TiOhX3+rRcvZjGUQT74AAcARecgSq4AjVQBxg8gmfwCt6sJ+vFerc+Jq0FazqzC/7A+vwB19qVMg==</latexit><latexit sha1_base64="/ct6tjkSHT8Jy2SE27pDWnvMwtM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR3FgSEXRZdOOygn1AE8NkMmmnnczEmYlYQt34K25cKOLWv3Dn3zh9LLT1wIXDOfdy7z1hyqjSjvNtFRYWl5ZXiqultfWNzS17e6ehRCYxqWPBhGyFSBFGOalrqhlppZKgJGSkGfYvR37znkhFBb/Rg5T4CepwGlOMtJECey8KevAYxkHv1tMihQ/Q65A76MDALjsVZww4T9wpKYMpaoH95UUCZwnhGjOkVNt1Uu3nSGqKGRmWvEyRFOE+6pC2oRwlRPn5+IMhPDRKBGMhTXENx+rviRwlSg2S0HQmSHfVrDcS//PamY7P/ZzyNNOE48miOGNQCziKA0ZUEqzZwBCEJTW3QtxFEmFtQiuZENzZl+dJ46TiOhX3+rRcvZjGUQT74AAcARecgSq4AjVQBxg8gmfwCt6sJ+vFerc+Jq0FazqzC/7A+vwB19qVMg==</latexit><latexit sha1_base64="/ct6tjkSHT8Jy2SE27pDWnvMwtM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR3FgSEXRZdOOygn1AE8NkMmmnnczEmYlYQt34K25cKOLWv3Dn3zh9LLT1wIXDOfdy7z1hyqjSjvNtFRYWl5ZXiqultfWNzS17e6ehRCYxqWPBhGyFSBFGOalrqhlppZKgJGSkGfYvR37znkhFBb/Rg5T4CepwGlOMtJECey8KevAYxkHv1tMihQ/Q65A76MDALjsVZww4T9wpKYMpaoH95UUCZwnhGjOkVNt1Uu3nSGqKGRmWvEyRFOE+6pC2oRwlRPn5+IMhPDRKBGMhTXENx+rviRwlSg2S0HQmSHfVrDcS//PamY7P/ZzyNNOE48miOGNQCziKA0ZUEqzZwBCEJTW3QtxFEmFtQiuZENzZl+dJ46TiOhX3+rRcvZjGUQT74AAcARecgSq4AjVQBxg8gmfwCt6sJ+vFerc+Jq0FazqzC/7A+vwB19qVMg==</latexit><latexit sha1_base64="/ct6tjkSHT8Jy2SE27pDWnvMwtM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR3FgSEXRZdOOygn1AE8NkMmmnnczEmYlYQt34K25cKOLWv3Dn3zh9LLT1wIXDOfdy7z1hyqjSjvNtFRYWl5ZXiqultfWNzS17e6ehRCYxqWPBhGyFSBFGOalrqhlppZKgJGSkGfYvR37znkhFBb/Rg5T4CepwGlOMtJECey8KevAYxkHv1tMihQ/Q65A76MDALjsVZww4T9wpKYMpaoH95UUCZwnhGjOkVNt1Uu3nSGqKGRmWvEyRFOE+6pC2oRwlRPn5+IMhPDRKBGMhTXENx+rviRwlSg2S0HQmSHfVrDcS//PamY7P/ZzyNNOE48miOGNQCziKA0ZUEqzZwBCEJTW3QtxFEmFtQiuZENzZl+dJ46TiOhX3+rRcvZjGUQT74AAcARecgSq4AjVQBxg8gmfwCt6sJ+vFerc+Jq0FazqzC/7A+vwB19qVMg==</latexit>

v ⇥ f
<latexit sha1_base64="XewBBvUFLBmCkT+RNRYpWXPBFww=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae2oWy2m3bpZhN2J4US+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6xGnC/YgOlQgFo2ilpwnpoYi4IWG/XHGr7gJknXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+VeqnhCWVjOuRdSxW1a/xscfGMXFhlQMJY21JIFurviYxGxkyjwHZGFEdm1ZuL/3ndFMMbPxMqSZErtlwUppJgTObvk4HQnKGcWkKZFvZWwkZUU4Y2pJINwVt9eZ20rqqeW/Ueriv12zyOIpzBOVyCBzWowz00oAkMFDzDK7w5xnlx3p2PZWvByWdO4Q+czx8CzpB4</latexit><latexit sha1_base64="XewBBvUFLBmCkT+RNRYpWXPBFww=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae2oWy2m3bpZhN2J4US+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6xGnC/YgOlQgFo2ilpwnpoYi4IWG/XHGr7gJknXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+VeqnhCWVjOuRdSxW1a/xscfGMXFhlQMJY21JIFurviYxGxkyjwHZGFEdm1ZuL/3ndFMMbPxMqSZErtlwUppJgTObvk4HQnKGcWkKZFvZWwkZUU4Y2pJINwVt9eZ20rqqeW/Ueriv12zyOIpzBOVyCBzWowz00oAkMFDzDK7w5xnlx3p2PZWvByWdO4Q+czx8CzpB4</latexit><latexit sha1_base64="XewBBvUFLBmCkT+RNRYpWXPBFww=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae2oWy2m3bpZhN2J4US+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6xGnC/YgOlQgFo2ilpwnpoYi4IWG/XHGr7gJknXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+VeqnhCWVjOuRdSxW1a/xscfGMXFhlQMJY21JIFurviYxGxkyjwHZGFEdm1ZuL/3ndFMMbPxMqSZErtlwUppJgTObvk4HQnKGcWkKZFvZWwkZUU4Y2pJINwVt9eZ20rqqeW/Ueriv12zyOIpzBOVyCBzWowz00oAkMFDzDK7w5xnlx3p2PZWvByWdO4Q+czx8CzpB4</latexit><latexit sha1_base64="XewBBvUFLBmCkT+RNRYpWXPBFww=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae2oWy2m3bpZhN2J4US+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6xGnC/YgOlQgFo2ilpwnpoYi4IWG/XHGr7gJknXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+VeqnhCWVjOuRdSxW1a/xscfGMXFhlQMJY21JIFurviYxGxkyjwHZGFEdm1ZuL/3ndFMMbPxMqSZErtlwUppJgTObvk4HQnKGcWkKZFvZWwkZUU4Y2pJINwVt9eZ20rqqeW/Ueriv12zyOIpzBOVyCBzWowz00oAkMFDzDK7w5xnlx3p2PZWvByWdO4Q+czx8CzpB4</latexit>

slack matrix of P



Yannakakis (1991):

P has a Rm
+ -lift , SP has a Rm

+ -factorization

<latexit sha1_base64="eYlq1Aj3r6n7Xfe5yOozSHvQr70="></latexit>

Yannakakis’ Theorem 

K-factorization of SP
<latexit sha1_base64="H3sXZ4Jw11X6uFg5+TPDLxpR9tY=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoMuiG8FNRfuAdiiZNNOGZpIhuSPWoVs3/oobF4q49Q/c+Tem7Sy09UDgcM653NwTxIIbcN1vJ7ewuLS8kl8trK1vbG4Vt3fqRiWashpVQulmQAwTXLIacBCsGWtGokCwRjC4GPuNO6YNV/IWhjHzI9KTPOSUgJU6RXzVBnYPSZwehYSC0vxh4mAV4hG+6VQ7xZJbdifA88TLSAllsPmvdlfRJGISqCDGtDw3Bj8lGjgVbFRoJ4bFhA5Ij7UslSRixk8nl4zwgVW6OFTaPgl4ov6eSElkzDAKbDIi0Dez3lj8z2slEJ75KZdxAkzS6aIwERgUHteCu1wzCmJoCaGa279i2ifaVmLLK9gSvNmT50n9uOy5Ze/6pFQ5z+rIoz20jw6Rh05RBV2iKqohih7RM3pFb86T8+K8Ox/TaM7JZnbRHzifP1v/mhU=</latexit><latexit sha1_base64="H3sXZ4Jw11X6uFg5+TPDLxpR9tY=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoMuiG8FNRfuAdiiZNNOGZpIhuSPWoVs3/oobF4q49Q/c+Tem7Sy09UDgcM653NwTxIIbcN1vJ7ewuLS8kl8trK1vbG4Vt3fqRiWashpVQulmQAwTXLIacBCsGWtGokCwRjC4GPuNO6YNV/IWhjHzI9KTPOSUgJU6RXzVBnYPSZwehYSC0vxh4mAV4hG+6VQ7xZJbdifA88TLSAllsPmvdlfRJGISqCDGtDw3Bj8lGjgVbFRoJ4bFhA5Ij7UslSRixk8nl4zwgVW6OFTaPgl4ov6eSElkzDAKbDIi0Dez3lj8z2slEJ75KZdxAkzS6aIwERgUHteCu1wzCmJoCaGa279i2ifaVmLLK9gSvNmT50n9uOy5Ze/6pFQ5z+rIoz20jw6Rh05RBV2iKqohih7RM3pFb86T8+K8Ox/TaM7JZnbRHzifP1v/mhU=</latexit><latexit sha1_base64="H3sXZ4Jw11X6uFg5+TPDLxpR9tY=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoMuiG8FNRfuAdiiZNNOGZpIhuSPWoVs3/oobF4q49Q/c+Tem7Sy09UDgcM653NwTxIIbcN1vJ7ewuLS8kl8trK1vbG4Vt3fqRiWashpVQulmQAwTXLIacBCsGWtGokCwRjC4GPuNO6YNV/IWhjHzI9KTPOSUgJU6RXzVBnYPSZwehYSC0vxh4mAV4hG+6VQ7xZJbdifA88TLSAllsPmvdlfRJGISqCDGtDw3Bj8lGjgVbFRoJ4bFhA5Ij7UslSRixk8nl4zwgVW6OFTaPgl4ov6eSElkzDAKbDIi0Dez3lj8z2slEJ75KZdxAkzS6aIwERgUHteCu1wzCmJoCaGa279i2ifaVmLLK9gSvNmT50n9uOy5Ze/6pFQ5z+rIoz20jw6Rh05RBV2iKqohih7RM3pFb86T8+K8Ox/TaM7JZnbRHzifP1v/mhU=</latexit><latexit sha1_base64="H3sXZ4Jw11X6uFg5+TPDLxpR9tY=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoMuiG8FNRfuAdiiZNNOGZpIhuSPWoVs3/oobF4q49Q/c+Tem7Sy09UDgcM653NwTxIIbcN1vJ7ewuLS8kl8trK1vbG4Vt3fqRiWashpVQulmQAwTXLIacBCsGWtGokCwRjC4GPuNO6YNV/IWhjHzI9KTPOSUgJU6RXzVBnYPSZwehYSC0vxh4mAV4hG+6VQ7xZJbdifA88TLSAllsPmvdlfRJGISqCDGtDw3Bj8lGjgVbFRoJ4bFhA5Ij7UslSRixk8nl4zwgVW6OFTaPgl4ov6eSElkzDAKbDIi0Dez3lj8z2slEJ75KZdxAkzS6aIwERgUHteCu1wzCmJoCaGa279i2ifaVmLLK9gSvNmT50n9uOy5Ze/6pFQ5z+rIoz20jw6Rh05RBV2iKqohih7RM3pFb86T8+K8Ox/TaM7JZnbRHzifP1v/mhU=</latexit>

a1, . . . , av 2 K
<latexit sha1_base64="+Ab9o8F8PeBmhkRAUVLHynfsFPs=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSiKDLohvBTQX7gCaEyWTSDp3MhJlJocQu/BU3LhRx62+482+ctllo64ELh3Pu5d57wpRRpR3n2yqtrK6tb5Q3K1vbO7t79v5BW4lMYtLCggnZDZEijHLS0lQz0k0lQUnISCcc3kz9zohIRQV/0OOU+AnqcxpTjLSRAvsIBW4NeiwSWtUgCkbQoxzeBXbVqTszwGXiFqQKCjQD+8uLBM4SwjVmSKme66Taz5HUFDMyqXiZIinCQ9QnPUM5Sojy89n9E3hqlAjGQpriGs7U3xM5SpQaJ6HpTJAeqEVvKv7n9TIdX/k55WmmCcfzRXHGoBZwGgaMqCRYs7EhCEtqboV4gCTC2kRWMSG4iy8vk/Z53XXq7v1FtXFdxFEGx+AEnAEXXIIGuAVN0AIYPIJn8ArerCfrxXq3PuatJauYOQR/YH3+AJXdlIY=</latexit><latexit sha1_base64="+Ab9o8F8PeBmhkRAUVLHynfsFPs=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSiKDLohvBTQX7gCaEyWTSDp3MhJlJocQu/BU3LhRx62+482+ctllo64ELh3Pu5d57wpRRpR3n2yqtrK6tb5Q3K1vbO7t79v5BW4lMYtLCggnZDZEijHLS0lQz0k0lQUnISCcc3kz9zohIRQV/0OOU+AnqcxpTjLSRAvsIBW4NeiwSWtUgCkbQoxzeBXbVqTszwGXiFqQKCjQD+8uLBM4SwjVmSKme66Taz5HUFDMyqXiZIinCQ9QnPUM5Sojy89n9E3hqlAjGQpriGs7U3xM5SpQaJ6HpTJAeqEVvKv7n9TIdX/k55WmmCcfzRXHGoBZwGgaMqCRYs7EhCEtqboV4gCTC2kRWMSG4iy8vk/Z53XXq7v1FtXFdxFEGx+AEnAEXXIIGuAVN0AIYPIJn8ArerCfrxXq3PuatJauYOQR/YH3+AJXdlIY=</latexit><latexit sha1_base64="+Ab9o8F8PeBmhkRAUVLHynfsFPs=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSiKDLohvBTQX7gCaEyWTSDp3MhJlJocQu/BU3LhRx62+482+ctllo64ELh3Pu5d57wpRRpR3n2yqtrK6tb5Q3K1vbO7t79v5BW4lMYtLCggnZDZEijHLS0lQz0k0lQUnISCcc3kz9zohIRQV/0OOU+AnqcxpTjLSRAvsIBW4NeiwSWtUgCkbQoxzeBXbVqTszwGXiFqQKCjQD+8uLBM4SwjVmSKme66Taz5HUFDMyqXiZIinCQ9QnPUM5Sojy89n9E3hqlAjGQpriGs7U3xM5SpQaJ6HpTJAeqEVvKv7n9TIdX/k55WmmCcfzRXHGoBZwGgaMqCRYs7EhCEtqboV4gCTC2kRWMSG4iy8vk/Z53XXq7v1FtXFdxFEGx+AEnAEXXIIGuAVN0AIYPIJn8ArerCfrxXq3PuatJauYOQR/YH3+AJXdlIY=</latexit><latexit sha1_base64="+Ab9o8F8PeBmhkRAUVLHynfsFPs=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSiKDLohvBTQX7gCaEyWTSDp3MhJlJocQu/BU3LhRx62+482+ctllo64ELh3Pu5d57wpRRpR3n2yqtrK6tb5Q3K1vbO7t79v5BW4lMYtLCggnZDZEijHLS0lQz0k0lQUnISCcc3kz9zohIRQV/0OOU+AnqcxpTjLSRAvsIBW4NeiwSWtUgCkbQoxzeBXbVqTszwGXiFqQKCjQD+8uLBM4SwjVmSKme66Taz5HUFDMyqXiZIinCQ9QnPUM5Sojy89n9E3hqlAjGQpriGs7U3xM5SpQaJ6HpTJAeqEVvKv7n9TIdX/k55WmmCcfzRXHGoBZwGgaMqCRYs7EhCEtqboV4gCTC2kRWMSG4iy8vk/Z53XXq7v1FtXFdxFEGx+AEnAEXXIIGuAVN0AIYPIJn8ArerCfrxXq3PuatJauYOQR/YH3+AJXdlIY=</latexit>

b1, . . . , bf 2 K⇤
<latexit sha1_base64="o2ywvdewnhq2AmD7cVxw4zlU9Us=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCh1ISEfRY9CJ4qWA/oIlhs920SzebsDsRSunBi3/FiwdFvPojvPlv3LY5aOuDgcd7M8zMC1PBNTjOt1VYWV1b3yhulra2d3b37P2Dlk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1weDX12w9MaZ7IOxilzI9JX/KIUwJGCuxyGLhV7IleArqKwyDCHpf45t4jGgK74tScGfAycXNSQTkagf3l9RKaxUwCFUTrruuk4I+JAk4Fm5S8TLOU0CHps66hksRM++PZExN8bJQejhJlSgKeqb8nxiTWehSHpjMmMNCL3lT8z+tmEF34Yy7TDJik80VRJjAkeJoI7nHFKIiRIYQqbm7FdEAUoWByK5kQ3MWXl0nrtOY6Nff2rFK/zOMoojI6QifIReeojq5RAzURRY/oGb2iN+vJerHerY95a8HKZw7RH1ifP2wRlqw=</latexit><latexit sha1_base64="o2ywvdewnhq2AmD7cVxw4zlU9Us=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCh1ISEfRY9CJ4qWA/oIlhs920SzebsDsRSunBi3/FiwdFvPojvPlv3LY5aOuDgcd7M8zMC1PBNTjOt1VYWV1b3yhulra2d3b37P2Dlk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1weDX12w9MaZ7IOxilzI9JX/KIUwJGCuxyGLhV7IleArqKwyDCHpf45t4jGgK74tScGfAycXNSQTkagf3l9RKaxUwCFUTrruuk4I+JAk4Fm5S8TLOU0CHps66hksRM++PZExN8bJQejhJlSgKeqb8nxiTWehSHpjMmMNCL3lT8z+tmEF34Yy7TDJik80VRJjAkeJoI7nHFKIiRIYQqbm7FdEAUoWByK5kQ3MWXl0nrtOY6Nff2rFK/zOMoojI6QifIReeojq5RAzURRY/oGb2iN+vJerHerY95a8HKZw7RH1ifP2wRlqw=</latexit><latexit sha1_base64="o2ywvdewnhq2AmD7cVxw4zlU9Us=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCh1ISEfRY9CJ4qWA/oIlhs920SzebsDsRSunBi3/FiwdFvPojvPlv3LY5aOuDgcd7M8zMC1PBNTjOt1VYWV1b3yhulra2d3b37P2Dlk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1weDX12w9MaZ7IOxilzI9JX/KIUwJGCuxyGLhV7IleArqKwyDCHpf45t4jGgK74tScGfAycXNSQTkagf3l9RKaxUwCFUTrruuk4I+JAk4Fm5S8TLOU0CHps66hksRM++PZExN8bJQejhJlSgKeqb8nxiTWehSHpjMmMNCL3lT8z+tmEF34Yy7TDJik80VRJjAkeJoI7nHFKIiRIYQqbm7FdEAUoWByK5kQ3MWXl0nrtOY6Nff2rFK/zOMoojI6QifIReeojq5RAzURRY/oGb2iN+vJerHerY95a8HKZw7RH1ifP2wRlqw=</latexit><latexit sha1_base64="o2ywvdewnhq2AmD7cVxw4zlU9Us=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCh1ISEfRY9CJ4qWA/oIlhs920SzebsDsRSunBi3/FiwdFvPojvPlv3LY5aOuDgcd7M8zMC1PBNTjOt1VYWV1b3yhulra2d3b37P2Dlk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1weDX12w9MaZ7IOxilzI9JX/KIUwJGCuxyGLhV7IleArqKwyDCHpf45t4jGgK74tScGfAycXNSQTkagf3l9RKaxUwCFUTrruuk4I+JAk4Fm5S8TLOU0CHps66hksRM++PZExN8bJQejhJlSgKeqb8nxiTWehSHpjMmMNCL3lT8z+tmEF34Yy7TDJik80VRJjAkeJoI7nHFKIiRIYQqbm7FdEAUoWByK5kQ3MWXl0nrtOY6Nff2rFK/zOMoojI6QifIReeojq5RAzURRY/oGb2iN+vJerHerY95a8HKZw7RH1ifP2wRlqw=</latexit>

s.t. hai, bji = dj � f>
j vi

<latexit sha1_base64="HrKVnDEv9LEJxSvhodbUVkdSKlE="></latexit><latexit sha1_base64="HrKVnDEv9LEJxSvhodbUVkdSKlE="></latexit><latexit sha1_base64="HrKVnDEv9LEJxSvhodbUVkdSKlE="></latexit><latexit sha1_base64="HrKVnDEv9LEJxSvhodbUVkdSKlE="></latexit>

K = Rm
+

<latexit sha1_base64="sMuIeqCR0QVxLI0HF6qL6D22q94=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIsgCGWmCroRim4EN1XsA9pxyKRpG5pkhiQjlmF+xY0LRdz6I+78GzPtLLT1QOBwzr3ckxNEjCrtON9WYWl5ZXWtuF7a2Nza3rF3yy0VxhKTJg5ZKDsBUoRRQZqaakY6kSSIB4y0g/FV5rcfiVQ0FPd6EhGPo6GgA4qRNpJvl2/gBexxpEdBkNylD9w/9u2KU3WmgIvEzUkF5Gj49levH+KYE6ExQ0p1XSfSXoKkppiRtNSLFYkQHqMh6RoqECfKS6bZU3holD4chNI8oeFU/b2RIK7UhAdmMkup5r1M/M/rxnpw7iVURLEmAs8ODWIGdQizImCfSoI1mxiCsKQmK8QjJBHWpq6SKcGd//IiadWq7km1dntaqV/mdRTBPjgAR8AFZ6AOrkEDNAEGT+AZvII3K7VerHfrYzZasPKdPfAH1ucPsdeTlA==</latexit>

Rm
+ -factorization

<latexit sha1_base64="vhRegMBFNMyqvz33zQMIWsKsxIQ=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0ERxLAbBS2DNpZRzAOyMcxOZpMhsw9m7opx2T+w8VdsLBSxtbXzb5wkW2jigYHDOecy9x43ElyBZX0bubn5hcWl/HJhZXVtfcPc3KqrMJaU1WgoQtl0iWKCB6wGHARrRpIR3xWs4Q4uRn7jjknFw+AGhhFr+6QXcI9TAlrqmPuOT6Dvusl1eut3Dh1g9xBHyZFHKISSP4xjKe6YRatkjYFniZ2RIspQ7ZhfTjeksc8CoIIo1bKtCNoJkcCpYGnBiRWLCB2QHmtpGhCfqXYyvifFe1rpYi+U+gWAx+rviYT4Sg19VydH26tpbyT+57Vi8M7aCQ+iGFhAJx95scAQ4lE5uMsloyCGmhAqud4V0z6RugtdYUGXYE+fPEvq5ZJ9XCpfnRQr51kdebSDdtEBstEpqqBLVEU1RNEjekav6M14Ml6Md+NjEs0Z2cw2+gPj8wcnOJ1c</latexit>

nonnegative factorization

K

⇤ = {y : hy, xi � 0 8 x 2 K}
<latexit sha1_base64="mNrI/GXCzgxDXOEDrhKpuPw5MM4="></latexit>
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regular hexagon has a R
5
+-lift

{

y ∈ R
5
+ :

y1 + y2 + y3 + y5 = 2

y3 + y4 + y5 = 1

}



Lifts of convex sets 

Given
<latexit sha1_base64="evWuqLPjzBW/lHV+thD4Wv73mio=">AAAB+XicbVA9TwJBEN3zE/Hr0NJmIzGxIocxUTuihZaYeEIChOwtA2zY27vszqHk5KfYWKix9Z/Y+W/cAwoFXzLJy3szmZkXxFIY9LxvZ2l5ZXVtPbeR39za3tl1C3v3Jko0B59HMtL1gBmQQoGPAiXUYw0sDCTUgsFV5teGoI2I1B2OYmiFrKdEV3CGVmq7hSbCIyZxSq/FENSY5ttu0St5E9BFUp6RIpmh2na/mp2IJyEo5JIZ0yh7MbZSplFwCeN8MzEQMz5gPWhYqlgIppVOTh/TI6t0aDfSthTSifp7ImWhMaMwsJ0hw76Z9zLxP6+RYPe8lQoVJwiKTxd1E0kxolkOtCM0cJQjSxjXwt5KeZ9pxtGmlYVQnn95kfgnpYuSd3tarFzO0siRA3JIjkmZnJEKuSFV4hNOHsgzeSVvzpPz4rw7H9PWJWc2s0/+wPn8ARHRk2k=</latexit><latexit sha1_base64="evWuqLPjzBW/lHV+thD4Wv73mio=">AAAB+XicbVA9TwJBEN3zE/Hr0NJmIzGxIocxUTuihZaYeEIChOwtA2zY27vszqHk5KfYWKix9Z/Y+W/cAwoFXzLJy3szmZkXxFIY9LxvZ2l5ZXVtPbeR39za3tl1C3v3Jko0B59HMtL1gBmQQoGPAiXUYw0sDCTUgsFV5teGoI2I1B2OYmiFrKdEV3CGVmq7hSbCIyZxSq/FENSY5ttu0St5E9BFUp6RIpmh2na/mp2IJyEo5JIZ0yh7MbZSplFwCeN8MzEQMz5gPWhYqlgIppVOTh/TI6t0aDfSthTSifp7ImWhMaMwsJ0hw76Z9zLxP6+RYPe8lQoVJwiKTxd1E0kxolkOtCM0cJQjSxjXwt5KeZ9pxtGmlYVQnn95kfgnpYuSd3tarFzO0siRA3JIjkmZnJEKuSFV4hNOHsgzeSVvzpPz4rw7H9PWJWc2s0/+wPn8ARHRk2k=</latexit><latexit sha1_base64="evWuqLPjzBW/lHV+thD4Wv73mio=">AAAB+XicbVA9TwJBEN3zE/Hr0NJmIzGxIocxUTuihZaYeEIChOwtA2zY27vszqHk5KfYWKix9Z/Y+W/cAwoFXzLJy3szmZkXxFIY9LxvZ2l5ZXVtPbeR39za3tl1C3v3Jko0B59HMtL1gBmQQoGPAiXUYw0sDCTUgsFV5teGoI2I1B2OYmiFrKdEV3CGVmq7hSbCIyZxSq/FENSY5ttu0St5E9BFUp6RIpmh2na/mp2IJyEo5JIZ0yh7MbZSplFwCeN8MzEQMz5gPWhYqlgIppVOTh/TI6t0aDfSthTSifp7ImWhMaMwsJ0hw76Z9zLxP6+RYPe8lQoVJwiKTxd1E0kxolkOtCM0cJQjSxjXwt5KeZ9pxtGmlYVQnn95kfgnpYuSd3tarFzO0siRA3JIjkmZnJEKuSFV4hNOHsgzeSVvzpPz4rw7H9PWJWc2s0/+wPn8ARHRk2k=</latexit>

convex set convex cone 

when is
<latexit sha1_base64="fZGMBrmd0wXOmtNm47xa6+X+Zc8=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRPJVEBPVW9OKxgrWFNpTNdtIu3WzC7kStofhXvHhQ8eoP8ea/MWl70NYHA4/3ZpiZ58dSGHScb6uwsLi0vFJcLa2tb2xu2ds7tyZKNIc6j2Skmz4zIIWCOgqU0Iw1sNCX0PAHl7nfuANtRKRucBiDF7KeEoHgDDOpY++1ER4wiVN63wdFhaEjWurYZafijEHniTslZTJFrWN/tbsRT0JQyCUzpuU6MXop0yi4hFGpnRiIGR+wHrQyqlgIxkvH14/oYaZ0aRDprBTSsfp7ImWhMcPQzzpDhn0z6+Xif14rweDMS4WKEwTFJ4uCRFKMaB4F7QoNHOUwI4xrkd1KeZ9pxjELLA/BnX15ntSPK+cV5/qkXL2YplEk++SAHBGXnJIquSI1UiecPJJn8krerCfrxXq3PiatBWs6s0v+wPr8AdgMlFw=</latexit><latexit sha1_base64="fZGMBrmd0wXOmtNm47xa6+X+Zc8=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRPJVEBPVW9OKxgrWFNpTNdtIu3WzC7kStofhXvHhQ8eoP8ea/MWl70NYHA4/3ZpiZ58dSGHScb6uwsLi0vFJcLa2tb2xu2ds7tyZKNIc6j2Skmz4zIIWCOgqU0Iw1sNCX0PAHl7nfuANtRKRucBiDF7KeEoHgDDOpY++1ER4wiVN63wdFhaEjWurYZafijEHniTslZTJFrWN/tbsRT0JQyCUzpuU6MXop0yi4hFGpnRiIGR+wHrQyqlgIxkvH14/oYaZ0aRDprBTSsfp7ImWhMcPQzzpDhn0z6+Xif14rweDMS4WKEwTFJ4uCRFKMaB4F7QoNHOUwI4xrkd1KeZ9pxjELLA/BnX15ntSPK+cV5/qkXL2YplEk++SAHBGXnJIquSI1UiecPJJn8krerCfrxXq3PiatBWs6s0v+wPr8AdgMlFw=</latexit><latexit sha1_base64="fZGMBrmd0wXOmtNm47xa6+X+Zc8=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRPJVEBPVW9OKxgrWFNpTNdtIu3WzC7kStofhXvHhQ8eoP8ea/MWl70NYHA4/3ZpiZ58dSGHScb6uwsLi0vFJcLa2tb2xu2ds7tyZKNIc6j2Skmz4zIIWCOgqU0Iw1sNCX0PAHl7nfuANtRKRucBiDF7KeEoHgDDOpY++1ER4wiVN63wdFhaEjWurYZafijEHniTslZTJFrWN/tbsRT0JQyCUzpuU6MXop0yi4hFGpnRiIGR+wHrQyqlgIxkvH14/oYaZ0aRDprBTSsfp7ImWhMcPQzzpDhn0z6+Xif14rweDMS4WKEwTFJ4uCRFKMaB4F7QoNHOUwI4xrkd1KeZ9pxjELLA/BnX15ntSPK+cV5/qkXL2YplEk++SAHBGXnJIquSI1UiecPJJn8krerCfrxXq3PiatBWs6s0v+wPr8AdgMlFw=</latexit>

C = ⇡(K \ L)?
<latexit sha1_base64="J1E3+5BDCTItgAG0iiuVLSvGkow=">AAAB+3icbVBNS8NAEN3Ur1q/oj16WSxCvZREBPUgFnsR9FDB2EITyma7aZduNsvuRgih/hUvHlS8+ke8+W9M2hy09cHA470ZZub5glGlLevbKC0tr6yuldcrG5tb2zvm7t6DimKJiYMjFsmujxRhlBNHU81IV0iCQp+Rjj9u5X7nkUhFI36vE0G8EA05DShGOpP6ZrUFL6AraP0GuhgJeHt0WembNathTQEXiV2QGijQ7ptf7iDCcUi4xgwp1bMtob0USU0xI5OKGysiEB6jIelllKOQKC+dHj+Bh5kygEEks+IaTtXfEykKlUpCP+sMkR6peS8X//N6sQ7OvJRyEWvC8WxREDOoI5gnAQdUEqxZkhGEJc1uhXiEJMI6yysPwZ5/eZE4x43zhnV3UmteFWmUwT44AHVgg1PQBNegDRyAQQKewSt4M56MF+Pd+Ji1loxipgr+wPj8AV6HkjI=</latexit><latexit sha1_base64="J1E3+5BDCTItgAG0iiuVLSvGkow=">AAAB+3icbVBNS8NAEN3Ur1q/oj16WSxCvZREBPUgFnsR9FDB2EITyma7aZduNsvuRgih/hUvHlS8+ke8+W9M2hy09cHA470ZZub5glGlLevbKC0tr6yuldcrG5tb2zvm7t6DimKJiYMjFsmujxRhlBNHU81IV0iCQp+Rjj9u5X7nkUhFI36vE0G8EA05DShGOpP6ZrUFL6AraP0GuhgJeHt0WembNathTQEXiV2QGijQ7ptf7iDCcUi4xgwp1bMtob0USU0xI5OKGysiEB6jIelllKOQKC+dHj+Bh5kygEEks+IaTtXfEykKlUpCP+sMkR6peS8X//N6sQ7OvJRyEWvC8WxREDOoI5gnAQdUEqxZkhGEJc1uhXiEJMI6yysPwZ5/eZE4x43zhnV3UmteFWmUwT44AHVgg1PQBNegDRyAQQKewSt4M56MF+Pd+Ji1loxipgr+wPj8AV6HkjI=</latexit><latexit sha1_base64="J1E3+5BDCTItgAG0iiuVLSvGkow=">AAAB+3icbVBNS8NAEN3Ur1q/oj16WSxCvZREBPUgFnsR9FDB2EITyma7aZduNsvuRgih/hUvHlS8+ke8+W9M2hy09cHA470ZZub5glGlLevbKC0tr6yuldcrG5tb2zvm7t6DimKJiYMjFsmujxRhlBNHU81IV0iCQp+Rjj9u5X7nkUhFI36vE0G8EA05DShGOpP6ZrUFL6AraP0GuhgJeHt0WembNathTQEXiV2QGijQ7ptf7iDCcUi4xgwp1bMtob0USU0xI5OKGysiEB6jIelllKOQKC+dHj+Bh5kygEEks+IaTtXfEykKlUpCP+sMkR6peS8X//N6sQ7OvJRyEWvC8WxREDOoI5gnAQdUEqxZkhGEJc1uhXiEJMI6yysPwZ5/eZE4x43zhnV3UmteFWmUwT44AHVgg1PQBNegDRyAQQKewSt4M56MF+Pd+Ji1loxipgr+wPj8AV6HkjI=</latexit>

⇡
<latexit sha1_base64="FJ5lJtJp32+HMGmkRmNqhwk6j+U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3S3U3YnQgl9C948aDi1V/kzX9j0uag1QcDj/dmmJkXJlJYdN0vp7Kyura+Ud2sbW3v7O7V9w8ebJwaxn0Wy9h0Q2q5FJr7KFDybmI4VaHknXByU/idR26siPU9ThMeKDrSIhKMYiH1E1Eb1Btu052D/CVeSRpQoj2of/aHMUsV18gktbbnuQkGGTUomOSzWj+1PKFsQke8l1NNFbdBNr91Rk5yZUii2OSlkczVnxMZVdZOVZh3Kopju+wV4n9eL8XoMsiETlLkmi0WRakkGJPicTIUhjOU05xQZkR+K2FjaijDPJ4iBG/55b/EP2teNd2780brukyjCkdwDKfgwQW04Bba4AODMTzBC7w6ynl23pz3RWvFKWcO4Recj2/yPY20</latexit><latexit sha1_base64="FJ5lJtJp32+HMGmkRmNqhwk6j+U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3S3U3YnQgl9C948aDi1V/kzX9j0uag1QcDj/dmmJkXJlJYdN0vp7Kyura+Ud2sbW3v7O7V9w8ebJwaxn0Wy9h0Q2q5FJr7KFDybmI4VaHknXByU/idR26siPU9ThMeKDrSIhKMYiH1E1Eb1Btu052D/CVeSRpQoj2of/aHMUsV18gktbbnuQkGGTUomOSzWj+1PKFsQke8l1NNFbdBNr91Rk5yZUii2OSlkczVnxMZVdZOVZh3Kopju+wV4n9eL8XoMsiETlLkmi0WRakkGJPicTIUhjOU05xQZkR+K2FjaijDPJ4iBG/55b/EP2teNd2780brukyjCkdwDKfgwQW04Bba4AODMTzBC7w6ynl23pz3RWvFKWcO4Recj2/yPY20</latexit><latexit sha1_base64="FJ5lJtJp32+HMGmkRmNqhwk6j+U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3S3U3YnQgl9C948aDi1V/kzX9j0uag1QcDj/dmmJkXJlJYdN0vp7Kyura+Ud2sbW3v7O7V9w8ebJwaxn0Wy9h0Q2q5FJr7KFDybmI4VaHknXByU/idR26siPU9ThMeKDrSIhKMYiH1E1Eb1Btu052D/CVeSRpQoj2of/aHMUsV18gktbbnuQkGGTUomOSzWj+1PKFsQke8l1NNFbdBNr91Rk5yZUii2OSlkczVnxMZVdZOVZh3Kopju+wV4n9eL8XoMsiETlLkmi0WRakkGJPicTIUhjOU05xQZkR+K2FjaijDPJ4iBG/55b/EP2teNd2780brukyjCkdwDKfgwQW04Bba4AODMTzBC7w6ynl23pz3RWvFKWcO4Recj2/yPY20</latexit> linear map L

<latexit sha1_base64="N+lsrbdQL11PMBqI1akHGkpQmII=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx48VDS20Iay2U7bpZtN2N0IJfQnePGg4tV/5M1/46bNQasPBh7vzTAzL0wE18Z1v5zS0vLK6lp5vbKxubW9U93de9Bxqhj6LBaxaodUo+ASfcONwHaikEahwFY4vsr91iMqzWN5byYJBhEdSj7gjBor3d2QSq9ac+vuDOQv8QpSgwLNXvWz249ZGqE0TFCtO56bmCCjynAmcFrpphoTysZ0iB1LJY1QB9ns1Ck5skqfDGJlSxoyU39OZDTSehKFtjOiZqQXvVz8z+ukZnAeZFwmqUHJ5osGqSAmJvnfpM8VMiMmllCmuL2VsBFVlBmbTh6Ct/jyX+Kf1C/q7u1prXFZpFGGAziEY/DgDBpwDU3wgcEQnuAFXh3hPDtvzvu8teQUM/vwC87HN5vHjOE=</latexit><latexit sha1_base64="N+lsrbdQL11PMBqI1akHGkpQmII=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx48VDS20Iay2U7bpZtN2N0IJfQnePGg4tV/5M1/46bNQasPBh7vzTAzL0wE18Z1v5zS0vLK6lp5vbKxubW9U93de9Bxqhj6LBaxaodUo+ASfcONwHaikEahwFY4vsr91iMqzWN5byYJBhEdSj7gjBor3d2QSq9ac+vuDOQv8QpSgwLNXvWz249ZGqE0TFCtO56bmCCjynAmcFrpphoTysZ0iB1LJY1QB9ns1Ck5skqfDGJlSxoyU39OZDTSehKFtjOiZqQXvVz8z+ukZnAeZFwmqUHJ5osGqSAmJvnfpM8VMiMmllCmuL2VsBFVlBmbTh6Ct/jyX+Kf1C/q7u1prXFZpFGGAziEY/DgDBpwDU3wgcEQnuAFXh3hPDtvzvu8teQUM/vwC87HN5vHjOE=</latexit><latexit sha1_base64="N+lsrbdQL11PMBqI1akHGkpQmII=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx48VDS20Iay2U7bpZtN2N0IJfQnePGg4tV/5M1/46bNQasPBh7vzTAzL0wE18Z1v5zS0vLK6lp5vbKxubW9U93de9Bxqhj6LBaxaodUo+ASfcONwHaikEahwFY4vsr91iMqzWN5byYJBhEdSj7gjBor3d2QSq9ac+vuDOQv8QpSgwLNXvWz249ZGqE0TFCtO56bmCCjynAmcFrpphoTysZ0iB1LJY1QB9ns1Ck5skqfDGJlSxoyU39OZDTSehKFtjOiZqQXvVz8z+ukZnAeZFwmqUHJ5osGqSAmJvnfpM8VMiMmllCmuL2VsBFVlBmbTh6Ct/jyX+Kf1C/q7u1prXFZpFGGAziEY/DgDBpwDU3wgcEQnuAFXh3hPDtvzvu8teQUM/vwC87HN5vHjOE=</latexit>

affine space 

C ⇢ Rn
<latexit sha1_base64="+Kdz1l0owjf1LOnLyubuLzMhZpQ=">AAAB/3icbVDLSgMxFM34rPVVFdy4CRbBVZmx4mNX7MZlFfuAzliSNNOGZjJDkhHK2IW/4saFIm79DXf+jZnpIGo9EDiccy/35OCIM6Vt+9Oam19YXFourBRX19Y3Nktb2y0VxpLQJgl5KDsYKcqZoE3NNKedSFIUYE7beFRP/fYdlYqF4kaPI+oFaCCYzwjSRuqVduvQVTFWVEM3QHqIcXI9uTVG2a7YGeAscXJSBjkavdKH2w9JHFChCUdKdR070l6CpGaE00nRjRWNEBmhAe0aKlBAlZdk+SfwwCh96IfSPKFhpv7cSFCg1DjAZjLNqP56qfif1421f+YlTESxpoJMD/kxhzqEaRmwzyQlmo8NQUQykxWSIZKIaFNZMSvhPMXJ95dnSeuo4lQr1avjcu0ir6MA9sA+OAQOOAU1cAkaoAkIuAeP4Bm8WA/Wk/VqvU1H56x8Zwf8gvX+Bb7HlhM=</latexit>

K ⇢ Rm
<latexit sha1_base64="Z29TOlfiNZeVhBkGcorLhIgy1GM=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzK14mNXdCO4qWIf0BlLJs20oUlmSDJCGbvwV9y4UMStv+HOvzEzHUStBwKHc+7lnhw/YlRpx/m0Zmbn5hcWC0vF5ZXVtXV7Y7Opwlhi0sAhC2XbR4owKkhDU81IO5IEcZ+Rlj88T/3WHZGKhuJGjyLicdQXNKAYaSN17e1L6KrYV0RDlyM98P3kenzLu3bJKTsZ4DSp5KQEctS79ofbC3HMidCYIaU6FSfSXoKkppiRcdGNFYkQHqI+6RgqECfKS7L8Y7hnlB4MQmme0DBTf24kiCs14r6ZTDOqv14q/ud1Yh2ceAkVUayJwJNDQcygDmFaBuxRSbBmI0MQltRkhXiAJMLaVFbMSjhNcfT95WnSPChXquXq1WGpdpbXUQA7YBfsgwo4BjVwAeqgATC4B4/gGbxYD9aT9Wq9TUZnrHxnC/yC9f4FyguWGg==</latexit>

Gouveia-Parrilo-T. (2011)

Theorem GPT (2011):

C has a K-lift , SC has a K-factorization.

<latexit sha1_base64="rg2e9M9btg1rbn5W4zQAU5mdSt8="></latexit><latexit sha1_base64="rg2e9M9btg1rbn5W4zQAU5mdSt8="></latexit><latexit sha1_base64="rg2e9M9btg1rbn5W4zQAU5mdSt8="></latexit>

generalizes Yannakakis theorem



P =

8
<

:(x, y) 2 R2 :

0

@
1 x y

x 1 z

y z 1

1

A ⌫ 0

9
=

;
<latexit sha1_base64="OXMMgWP/fheCQw5DzeBHCCBBL/g="></latexit><latexit sha1_base64="OXMMgWP/fheCQw5DzeBHCCBBL/g="></latexit><latexit sha1_base64="OXMMgWP/fheCQw5DzeBHCCBBL/g="></latexit>

SP =

0

BB@

0 0 1 1
0 1 1 0
1 1 0 0
1 0 0 1

1

CCA

<latexit sha1_base64="yiZUBprWE4pZnV8AtzFtL67dnmI=">AAACTHicbVFNSwMxEM1WrbV+rXr0EiyKp7IrgnoQil48VrS20C0lm522odnskmTFsvQPehG8+S+8eFARTLeF1taBgTfvzSSTFz/mTGnHebNyS8sr+dXCWnF9Y3Nr297ZfVBRIinUaMQj2fCJAs4E1DTTHBqxBBL6HOp+/3qk1x9BKhaJez2IoRWSrmAdRok2VNsO7tpVfIk9H7pMpHFItGRPQ+zgoyzdLD1vphgJnjfF43qmyCZABNPT2nbJKTtZ4EXgTkAJTaLatl+9IKJJCEJTTpRquk6sWymRmlEOw6KXKIgJ7ZMuNA0UJATVSjM3hvjQMAHuRNKk0DhjZydSEio1CH3TaRbsqXltRP6nNRPdOW+lTMSJBkHHF3USjnWER9bigEmgmg8MIFQysyumPSIJ1eYDisYEd/7Ji6B2Ur4oO7enpcrVxI0C2kcH6Bi56AxV0A2qohqi6Bm9o0/0Zb1YH9a39TNuzVmTmT30J3L5Xzjup8w=</latexit><latexit sha1_base64="yiZUBprWE4pZnV8AtzFtL67dnmI=">AAACTHicbVFNSwMxEM1WrbV+rXr0EiyKp7IrgnoQil48VrS20C0lm522odnskmTFsvQPehG8+S+8eFARTLeF1taBgTfvzSSTFz/mTGnHebNyS8sr+dXCWnF9Y3Nr297ZfVBRIinUaMQj2fCJAs4E1DTTHBqxBBL6HOp+/3qk1x9BKhaJez2IoRWSrmAdRok2VNsO7tpVfIk9H7pMpHFItGRPQ+zgoyzdLD1vphgJnjfF43qmyCZABNPT2nbJKTtZ4EXgTkAJTaLatl+9IKJJCEJTTpRquk6sWymRmlEOw6KXKIgJ7ZMuNA0UJATVSjM3hvjQMAHuRNKk0DhjZydSEio1CH3TaRbsqXltRP6nNRPdOW+lTMSJBkHHF3USjnWER9bigEmgmg8MIFQysyumPSIJ1eYDisYEd/7Ji6B2Ur4oO7enpcrVxI0C2kcH6Bi56AxV0A2qohqi6Bm9o0/0Zb1YH9a39TNuzVmTmT30J3L5Xzjup8w=</latexit><latexit sha1_base64="yiZUBprWE4pZnV8AtzFtL67dnmI=">AAACTHicbVFNSwMxEM1WrbV+rXr0EiyKp7IrgnoQil48VrS20C0lm522odnskmTFsvQPehG8+S+8eFARTLeF1taBgTfvzSSTFz/mTGnHebNyS8sr+dXCWnF9Y3Nr297ZfVBRIinUaMQj2fCJAs4E1DTTHBqxBBL6HOp+/3qk1x9BKhaJez2IoRWSrmAdRok2VNsO7tpVfIk9H7pMpHFItGRPQ+zgoyzdLD1vphgJnjfF43qmyCZABNPT2nbJKTtZ4EXgTkAJTaLatl+9IKJJCEJTTpRquk6sWymRmlEOw6KXKIgJ7ZMuNA0UJATVSjM3hvjQMAHuRNKk0DhjZydSEio1CH3TaRbsqXltRP6nNRPdOW+lTMSJBkHHF3USjnWER9bigEmgmg8MIFQysyumPSIJ1eYDisYEd/7Ji6B2Ur4oO7enpcrVxI0C2kcH6Bi56AxV0A2qohqi6Bm9o0/0Zb1YH9a39TNuzVmTmT30J3L5Xzjup8w=</latexit>

0

@
1 1 1
1 1 1
1 1 1

1

A ,

0

@
1 1 �1
1 1 �1
�1 �1 1

1

A ,

0

@
1 �1 �1
�1 1 1
�1 1 1

1

A ,

0

@
1 �1 1
�1 1 �1
1 �1 1

1

A

<latexit sha1_base64="OSDZQfPWmqqo4uP0Z/ivKaBTaFU="></latexit><latexit sha1_base64="OSDZQfPWmqqo4uP0Z/ivKaBTaFU="></latexit><latexit sha1_base64="OSDZQfPWmqqo4uP0Z/ivKaBTaFU="></latexit>

A :
<latexit sha1_base64="+XP7ct4wGK9Ip9PavuOmXcE2fZ4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lF8ONU9eKxirGFNpTNdtMu3WzC7kQoof/AiwcVr/4kb/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u7eo4lTzbjHYhnrVkANl0JxDwVK3ko0p1EgeTMY3kz85hPXRsTqAUcJ9yPaVyIUjKKV7q8uu+WKW3WnIIuklpMK5Gh0y1+dXszSiCtkkhrTrrkJ+hnVKJjk41InNTyhbEj7vG2pohE3fja9dEyOrNIjYaxtKSRT9fdERiNjRlFgOyOKAzPvTcT/vHaK4bmfCZWkyBWbLQpTSTAmk7dJT2jOUI4soUwLeythA6opQxtOyYZQm395kXgn1Yuqe3daqV/naRThAA7hGGpwBnW4hQZ4wCCEZ3iFN2fovDjvzsesteDkM/vwB87nD336jNw=</latexit><latexit sha1_base64="+XP7ct4wGK9Ip9PavuOmXcE2fZ4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lF8ONU9eKxirGFNpTNdtMu3WzC7kQoof/AiwcVr/4kb/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u7eo4lTzbjHYhnrVkANl0JxDwVK3ko0p1EgeTMY3kz85hPXRsTqAUcJ9yPaVyIUjKKV7q8uu+WKW3WnIIuklpMK5Gh0y1+dXszSiCtkkhrTrrkJ+hnVKJjk41InNTyhbEj7vG2pohE3fja9dEyOrNIjYaxtKSRT9fdERiNjRlFgOyOKAzPvTcT/vHaK4bmfCZWkyBWbLQpTSTAmk7dJT2jOUI4soUwLeythA6opQxtOyYZQm395kXgn1Yuqe3daqV/naRThAA7hGGpwBnW4hQZ4wCCEZ3iFN2fovDjvzsesteDkM/vwB87nD336jNw=</latexit><latexit sha1_base64="+XP7ct4wGK9Ip9PavuOmXcE2fZ4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lF8ONU9eKxirGFNpTNdtMu3WzC7kQoof/AiwcVr/4kb/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u7eo4lTzbjHYhnrVkANl0JxDwVK3ko0p1EgeTMY3kz85hPXRsTqAUcJ9yPaVyIUjKKV7q8uu+WKW3WnIIuklpMK5Gh0y1+dXszSiCtkkhrTrrkJ+hnVKJjk41InNTyhbEj7vG2pohE3fja9dEyOrNIjYaxtKSRT9fdERiNjRlFgOyOKAzPvTcT/vHaK4bmfCZWkyBWbLQpTSTAmk7dJT2jOUI4soUwLeythA6opQxtOyYZQm395kXgn1Yuqe3daqV/naRThAA7hGGpwBnW4hQZ4wCCEZ3iFN2fovDjvzsesteDkM/vwB87nD336jNw=</latexit>

1

4

0

@
1 �1 0
�1 1 0
0 0 0

1

A ,
1

4

0

@
1 0 �1
0 0 0
�1 0 1

1

A ,
1

4

0

@
1 1 0
1 1 0
0 0 0

1

A ,
1

4

0

@
1 0 1
0 0 0
1 0 1

1

A

<latexit sha1_base64="+goRob8gKctOBWT8zQ+ifp6fz0Y="></latexit><latexit sha1_base64="+goRob8gKctOBWT8zQ+ifp6fz0Y="></latexit><latexit sha1_base64="+goRob8gKctOBWT8zQ+ifp6fz0Y="></latexit>

B :
<latexit sha1_base64="vUxJbQZavJ3xDPXVDG6UuAfN0W0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lF8ONU6sVjFWMLbSib7aZdutmE3YlQQv+BFw8qXv1J3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DRxOnmnGPxTLW7YAaLoXiHgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Teue+WKW3VnIMuklpMK5Gj2yl/dfszSiCtkkhrTqbkJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fja7dEJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4aWfCZWkyBWbLwpTSTAm07dJX2jOUI4toUwLeythQ6opQxtOyYZQW3x5mXhn1auqe3deqTfyNIpwBMdwCjW4gDrcQhM8YBDCM7zCmzNyXpx352PeWnDymUP4A+fzB39+jN0=</latexit><latexit sha1_base64="vUxJbQZavJ3xDPXVDG6UuAfN0W0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lF8ONU6sVjFWMLbSib7aZdutmE3YlQQv+BFw8qXv1J3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DRxOnmnGPxTLW7YAaLoXiHgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Teue+WKW3VnIMuklpMK5Gj2yl/dfszSiCtkkhrTqbkJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fja7dEJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4aWfCZWkyBWbLwpTSTAm07dJX2jOUI4toUwLeythQ6opQxtOyYZQW3x5mXhn1auqe3deqTfyNIpwBMdwCjW4gDrcQhM8YBDCM7zCmzNyXpx352PeWnDymUP4A+fzB39+jN0=</latexit><latexit sha1_base64="vUxJbQZavJ3xDPXVDG6UuAfN0W0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lF8ONU6sVjFWMLbSib7aZdutmE3YlQQv+BFw8qXv1J3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DRxOnmnGPxTLW7YAaLoXiHgqUvJ1oTqNA8lYwupn6rSeujYjVA44T7kd0oEQoGEUr3Teue+WKW3VnIMuklpMK5Gj2yl/dfszSiCtkkhrTqbkJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fja7dEJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4aWfCZWkyBWbLwpTSTAm07dJX2jOUI4toUwLeythQ6opQxtOyYZQW3x5mXhn1auqe3deqTfyNIpwBMdwCjW4gDrcQhM8YBDCM7zCmzNyXpx352PeWnDymUP4A+fzB39+jN0=</latexit>

Spectrahedral Lift of a Square 



slack operator: 
SC : ext(C)⇥ ext(C

�
) ! R

(x, y) 7! 1� hx, yi
<latexit sha1_base64="2pZh2V9mIfKGVurOl0YSEV2wo2U="></latexit><latexit sha1_base64="2pZh2V9mIfKGVurOl0YSEV2wo2U="></latexit><latexit sha1_base64="2pZh2V9mIfKGVurOl0YSEV2wo2U="></latexit>

C

� = {y : hx, yi  1 8 x 2 C}
<latexit sha1_base64="DaTguGuwydT08HW78Gjf6SR1pRo="></latexit>



slack operator: 
SC : ext(C)⇥ ext(C

�
) ! R

(x, y) 7! 1� hx, yi
<latexit sha1_base64="2pZh2V9mIfKGVurOl0YSEV2wo2U="></latexit><latexit sha1_base64="2pZh2V9mIfKGVurOl0YSEV2wo2U="></latexit><latexit sha1_base64="2pZh2V9mIfKGVurOl0YSEV2wo2U="></latexit>

�
1� t2, 2t� t3

�
<latexit sha1_base64="DEU1sHiOLUI/+BycSFMP1CJHS/A=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCBS1JKuiy6MZlBfuAJpbJdNIOnUzCzI1QSnHjr7hxoYhbv8Kdf+O0zUJbD1zu4Zx7mbknSDhTYNvfRm5peWV1Lb9e2Njc2t4xd/caKk4loXUS81i2AqwoZ4LWgQGnrURSHAWcNoPB9cRvPlCpWCzuYJhQP8I9wUJGMGipYx54nIZQcs7g3j11QbeKJ1mvDycds2iX7SmsReJkpIgy1Drml9eNSRpRAYRjpdqOnYA/whIY4XRc8FJFE0wGuEfbmgocUeWPpieMrWOtdK0wlroEWFP198YIR0oNo0BPRhj6at6biP957RTCS3/ERJICFWT2UJhyC2JrkofVZZIS4ENNMJFM/9UifSwxAZ1aQYfgzJ+8SBpu2amU3dvzYvUqiyOPDtERKiEHXaAqukE1VEcEPaJn9IrejCfjxXg3PmajOSPb2Ud/YHz+APl5leE=</latexit>

t 2 [�
p
2,
p
2]

<latexit sha1_base64="X4g+0jVIjZsc88A+b/6GqBnZhjw=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiuNCSVEGXRTcuK9gLpKFMppN26GQSZ06EErpw46u4caGIWx/CnW9j0kbQ1h8GPv5zDmfO70WCa7CsL6OwtLyyulZcL21sbm3vmLt7LR3GirImDUWoOh7RTHDJmsBBsE6kGAk8wdre6Cqrt++Z0jyUtzCOmBuQgeQ+pwRSq2eWAXe5xM5JV98pSGqT4x9wSz2zYlWtqfAi2DlUUK5Gz/zs9kMaB0wCFURrx7YicBOigFPBJqVurFlE6IgMmJOiJAHTbjI9YoIPU6eP/VClTwKeur8nEhJoPQ68tDMgMNTztcz8r+bE4F+4CZdRDEzS2SI/FhhCnCWC+1wxCmKcAqGKp3/FdEgUoZDmloVgz5+8CK1a1T6t1m7OKvXLPI4iKqMDdIRsdI7q6Bo1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zh/9kfHxDYM4l18=</latexit>

✓
2� 3s2

2� s2 + s4
,

2s

2� s2 + s4

◆

<latexit sha1_base64="lcI3Wq+zaqPjHagxU0FNsq/M2Qk=">AAACJXicbVDLSsNAFJ3UV42vqks3wSJU1JK0BV24KLpxWcE+oGnLZDpph04ezNwIJfRn3PgrblxYRHDlrzhps6itB4Z7OOde7tzjhJxJMM1vLbO2vrG5ld3Wd3b39g9yh0cNGUSC0DoJeCBaDpaUM5/WgQGnrVBQ7DmcNp3RfeI3n6mQLPCfYBzSjocHPnMZwaCkXu7W5tSFgu0KTOLSVVl2SxNVVbmQ3crkMjXkomgLNhjCua73cnmzaM5grBIrJXmUotbLTe1+QCKP+kA4lrJtmSF0YiyAEU4nuh1JGmIywgPaVtTHHpWdeHblxDhTSt9wA6GeD8ZMXZyIsSfl2HNUp4dhKJe9RPzPa0fg3nRi5ocRUJ/MF7kRNyAwksiMPhOUAB8rgolg6q8GGWKVC6hgkxCs5ZNXSaNUtMrF0mMlX71L48iiE3SKCshC16iKHlAN1RFBL+gNfaCp9qq9a5/a17w1o6Uzx+gPtJ9fVnmjRw==</latexit>

s 2 [�
p
2,
p
2]

<latexit sha1_base64="+Tbi+GbK6kQcy/WrZSAtJ5dTI/4=">AAACBnicbZDLSsNAFIYn9VbjLepShMEiuNCSVEGXRTcuK9gLJKFMppN26GQSZyZCCV258VXcuFDErc/gzrdx0kbQ1h8GPv5zDmfOHySMSmXbX0ZpYXFpeaW8aq6tb2xuWds7LRmnApMmjlksOgGShFFOmooqRjqJICgKGGkHw6u83r4nQtKY36pRQvwI9TkNKUZKW11rX0KPcuieePJOqKw2Pv4B3zTNrlWxq/ZEcB6cAiqgUKNrfXq9GKcR4QozJKXr2InyMyQUxYyMTS+VJEF4iPrE1chRRKSfTc4Yw0Pt9GAYC/24ghP390SGIilHUaA7I6QGcraWm//V3FSFF35GeZIqwvF0UZgyqGKYZwJ7VBCs2EgDwoLqv0I8QAJhpZPLQ3BmT56HVq3qnFZrN2eV+mURRxnsgQNwBBxwDurgGjRAE2DwAJ7AC3g1Ho1n4814n7aWjGJmF/yR8fEN/aaXhg==</latexit>

C

� = {y : hx, yi  1 8 x 2 C}
<latexit sha1_base64="DaTguGuwydT08HW78Gjf6SR1pRo="></latexit>



slack operator: 
SC : ext(C)⇥ ext(C

�
) ! R

(x, y) 7! 1� hx, yi
<latexit sha1_base64="2pZh2V9mIfKGVurOl0YSEV2wo2U="></latexit><latexit sha1_base64="2pZh2V9mIfKGVurOl0YSEV2wo2U="></latexit><latexit sha1_base64="2pZh2V9mIfKGVurOl0YSEV2wo2U="></latexit>

sC(s, t) = 1� (2� 3s2)(1� t2) + 2s(2t� t3))

2� s2 + s4
<latexit sha1_base64="VA3NSqICFGF1yuQknoh8aBQTHTM="></latexit>

=
(2� t2)(t� s)2 + (s2 � t2)2

s4 + (2� s2)
<latexit sha1_base64="NVaAziHsJQ7B+VWlqQ6EzLUncXA=">AAACHnicbZDLSsNAFIYn9V5vUZduBouQIi1JVHQjFN24rGBVaJMymU7s0MmFmROhhD6JG1/FjQtFBFf6Nk7aLrz9MPDznXM4c/4gFVyBbX8apZnZufmFxaXy8srq2rq5sXmlkkxS1qKJSORNQBQTPGYt4CDYTSoZiQLBroPBWVG/vmNS8SS+hGHKvIjcxjzklIBGXfPwBHdCSWhuuTXw3aoFNVX1XbyHLeVPkO+OcuUfFMitaVgdlbtmxa7bY+G/xpmaCpqq2TXfO72EZhGLgQqiVNuxU/ByIoFTwUblTqZYSuiA3LK2tjGJmPLy8XkjvKtJD4eJ1C8GPKbfJ3ISKTWMAt0ZEeir37UC/ldrZxAeezmP0wxYTCeLwkxgSHCRFe5xySiIoTaESq7/immf6LRAJ1qE4Pw++a+5cuvOft29OKg0TqdxLKJttIMs5KAj1EDnqIlaiKJ79Iie0YvxYDwZr8bbpLVkTGe20A8ZH1/kbZ1c</latexit>

�
1� t2, 2t� t3

�
<latexit sha1_base64="DEU1sHiOLUI/+BycSFMP1CJHS/A=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCBS1JKuiy6MZlBfuAJpbJdNIOnUzCzI1QSnHjr7hxoYhbv8Kdf+O0zUJbD1zu4Zx7mbknSDhTYNvfRm5peWV1Lb9e2Njc2t4xd/caKk4loXUS81i2AqwoZ4LWgQGnrURSHAWcNoPB9cRvPlCpWCzuYJhQP8I9wUJGMGipYx54nIZQcs7g3j11QbeKJ1mvDycds2iX7SmsReJkpIgy1Drml9eNSRpRAYRjpdqOnYA/whIY4XRc8FJFE0wGuEfbmgocUeWPpieMrWOtdK0wlroEWFP198YIR0oNo0BPRhj6at6biP957RTCS3/ERJICFWT2UJhyC2JrkofVZZIS4ENNMJFM/9UifSwxAZ1aQYfgzJ+8SBpu2amU3dvzYvUqiyOPDtERKiEHXaAqukE1VEcEPaJn9IrejCfjxXg3PmajOSPb2Ud/YHz+APl5leE=</latexit>

t 2 [�
p
2,
p
2]

<latexit sha1_base64="X4g+0jVIjZsc88A+b/6GqBnZhjw=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiuNCSVEGXRTcuK9gLpKFMppN26GQSZ06EErpw46u4caGIWx/CnW9j0kbQ1h8GPv5zDmfO70WCa7CsL6OwtLyyulZcL21sbm3vmLt7LR3GirImDUWoOh7RTHDJmsBBsE6kGAk8wdre6Cqrt++Z0jyUtzCOmBuQgeQ+pwRSq2eWAXe5xM5JV98pSGqT4x9wSz2zYlWtqfAi2DlUUK5Gz/zs9kMaB0wCFURrx7YicBOigFPBJqVurFlE6IgMmJOiJAHTbjI9YoIPU6eP/VClTwKeur8nEhJoPQ68tDMgMNTztcz8r+bE4F+4CZdRDEzS2SI/FhhCnCWC+1wxCmKcAqGKp3/FdEgUoZDmloVgz5+8CK1a1T6t1m7OKvXLPI4iKqMDdIRsdI7q6Bo1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zh/9kfHxDYM4l18=</latexit>

✓
2� 3s2

2� s2 + s4
,

2s

2� s2 + s4

◆

<latexit sha1_base64="lcI3Wq+zaqPjHagxU0FNsq/M2Qk=">AAACJXicbVDLSsNAFJ3UV42vqks3wSJU1JK0BV24KLpxWcE+oGnLZDpph04ezNwIJfRn3PgrblxYRHDlrzhps6itB4Z7OOde7tzjhJxJMM1vLbO2vrG5ld3Wd3b39g9yh0cNGUSC0DoJeCBaDpaUM5/WgQGnrVBQ7DmcNp3RfeI3n6mQLPCfYBzSjocHPnMZwaCkXu7W5tSFgu0KTOLSVVl2SxNVVbmQ3crkMjXkomgLNhjCua73cnmzaM5grBIrJXmUotbLTe1+QCKP+kA4lrJtmSF0YiyAEU4nuh1JGmIywgPaVtTHHpWdeHblxDhTSt9wA6GeD8ZMXZyIsSfl2HNUp4dhKJe9RPzPa0fg3nRi5ocRUJ/MF7kRNyAwksiMPhOUAB8rgolg6q8GGWKVC6hgkxCs5ZNXSaNUtMrF0mMlX71L48iiE3SKCshC16iKHlAN1RFBL+gNfaCp9qq9a5/a17w1o6Uzx+gPtJ9fVnmjRw==</latexit>

s 2 [�
p
2,
p
2]

<latexit sha1_base64="+Tbi+GbK6kQcy/WrZSAtJ5dTI/4=">AAACBnicbZDLSsNAFIYn9VbjLepShMEiuNCSVEGXRTcuK9gLJKFMppN26GQSZyZCCV258VXcuFDErc/gzrdx0kbQ1h8GPv5zDmfOHySMSmXbX0ZpYXFpeaW8aq6tb2xuWds7LRmnApMmjlksOgGShFFOmooqRjqJICgKGGkHw6u83r4nQtKY36pRQvwI9TkNKUZKW11rX0KPcuieePJOqKw2Pv4B3zTNrlWxq/ZEcB6cAiqgUKNrfXq9GKcR4QozJKXr2InyMyQUxYyMTS+VJEF4iPrE1chRRKSfTc4Yw0Pt9GAYC/24ghP390SGIilHUaA7I6QGcraWm//V3FSFF35GeZIqwvF0UZgyqGKYZwJ7VBCs2EgDwoLqv0I8QAJhpZPLQ3BmT56HVq3qnFZrN2eV+mURRxnsgQNwBBxwDurgGjRAE2DwAJ7AC3g1Ho1n4814n7aWjGJmF/yR8fEN/aaXhg==</latexit>

sC :
h
�
p
2,
p
2
i
⇥

h
�
p
2,
p
2
i
�! R+

<latexit sha1_base64="TAG27thvZCXafIiEdytyaSECcVk="></latexit>

C

� = {y : hx, yi  1 8 x 2 C}
<latexit sha1_base64="DaTguGuwydT08HW78Gjf6SR1pRo="></latexit>



A : ext(C) ! K, B : ext(C�
) ! K⇤

s.t.

<latexit sha1_base64="UktxZHkaFWxqZUdTKVK30a0Rhnc="></latexit><latexit sha1_base64="UktxZHkaFWxqZUdTKVK30a0Rhnc="></latexit><latexit sha1_base64="UktxZHkaFWxqZUdTKVK30a0Rhnc="></latexit>

SC(x, y) = 1� hx, yi = hA(x), B(y)i
<latexit sha1_base64="4cErm6RkTv2yyENmWEIti0wRylI=">AAACKHicbVDLSgMxFM34rPU16tJNsAgt1DIjgroo1HbjsqJjC+1QMmnahmYyQ5KRDkN/x42/4kZBpVu/xPShaOuBwOGcc7m5xwsZlcqyRsbS8srq2npqI725tb2za+7t38sgEpg4OGCBqHtIEkY5cRRVjNRDQZDvMVLz+pWxX3sgQtKA36k4JK6Pupx2KEZKSy2zdNuqZAf5OAeL0IYnsMkQ7zICtQSbYsqLP+pVdpDLw3JWx7/NlpmxCtYEcJHYM5IBM1Rb5muzHeDIJ1xhhqRs2Fao3AQJRTEjw3QzkiREuI+6pKEpRz6RbjK5dAiPtdKGnUDoxxWcqL8nEuRLGfueTvpI9eS8Nxb/8xqR6ly4CeVhpAjH00WdiEEVwHFtsE0FwYrFmiAsqP4rxD0kEFa63LQuwZ4/eZE4p4XLgnVzlimVZ22kwCE4Allgg3NQAtegChyAwSN4Bm/g3XgyXowPYzSNLhmzmQPwB8bnF+SlomA=</latexit><latexit sha1_base64="4cErm6RkTv2yyENmWEIti0wRylI=">AAACKHicbVDLSgMxFM34rPU16tJNsAgt1DIjgroo1HbjsqJjC+1QMmnahmYyQ5KRDkN/x42/4kZBpVu/xPShaOuBwOGcc7m5xwsZlcqyRsbS8srq2npqI725tb2za+7t38sgEpg4OGCBqHtIEkY5cRRVjNRDQZDvMVLz+pWxX3sgQtKA36k4JK6Pupx2KEZKSy2zdNuqZAf5OAeL0IYnsMkQ7zICtQSbYsqLP+pVdpDLw3JWx7/NlpmxCtYEcJHYM5IBM1Rb5muzHeDIJ1xhhqRs2Fao3AQJRTEjw3QzkiREuI+6pKEpRz6RbjK5dAiPtdKGnUDoxxWcqL8nEuRLGfueTvpI9eS8Nxb/8xqR6ly4CeVhpAjH00WdiEEVwHFtsE0FwYrFmiAsqP4rxD0kEFa63LQuwZ4/eZE4p4XLgnVzlimVZ22kwCE4Allgg3NQAtegChyAwSN4Bm/g3XgyXowPYzSNLhmzmQPwB8bnF+SlomA=</latexit><latexit sha1_base64="4cErm6RkTv2yyENmWEIti0wRylI=">AAACKHicbVDLSgMxFM34rPU16tJNsAgt1DIjgroo1HbjsqJjC+1QMmnahmYyQ5KRDkN/x42/4kZBpVu/xPShaOuBwOGcc7m5xwsZlcqyRsbS8srq2npqI725tb2za+7t38sgEpg4OGCBqHtIEkY5cRRVjNRDQZDvMVLz+pWxX3sgQtKA36k4JK6Pupx2KEZKSy2zdNuqZAf5OAeL0IYnsMkQ7zICtQSbYsqLP+pVdpDLw3JWx7/NlpmxCtYEcJHYM5IBM1Rb5muzHeDIJ1xhhqRs2Fao3AQJRTEjw3QzkiREuI+6pKEpRz6RbjK5dAiPtdKGnUDoxxWcqL8nEuRLGfueTvpI9eS8Nxb/8xqR6ly4CeVhpAjH00WdiEEVwHFtsE0FwYrFmiAsqP4rxD0kEFa63LQuwZ4/eZE4p4XLgnVzlimVZ22kwCE4Allgg3NQAtegChyAwSN4Bm/g3XgyXowPYzSNLhmzmQPwB8bnF+SlomA=</latexit>

SC is K-factorizable if 9
<latexit sha1_base64="3FLdpK56o6EVMviAOj6NHAow6Fk=">AAACH3icbVDLTgIxFO3gC/E16tJNIzFxIxmMCbojsjFxg1GEBAjplDvQ0HmkvWPACZ/ixl9x40KNccffWB4mCp6kyek597b3HjeSQqPjjKzU0vLK6lp6PbOxubW9Y+/u3eswVhwqPJShqrlMgxQBVFCghFqkgPmuhKrbK4396gMoLcLgDgcRNH3WCYQnOEMjtezCbatEGwh9jKOECk2H9PrneuIxjqESj8y8RoVnvAb0zUyaZlp21sk5E9BFkp+RLJmh3LK/Gu2Qxz4EyCXTup53ImwmTKHgEoaZRqwhYrzHOlA3NGA+6GYyWXBIj4zSpl6ozAmQTtTfHQnztR74rqn0GXb1vDcW//PqMXrnzUQEUYwQ8OlHXiwphnScFm0LBRzlwBDGlTCzUt5lyuRiMh2HkJ9feZFUTnMXOefmLFu8nKWRJgfkkByTPCmQIrkiZVIhnDyRF/JG3q1n69X6sD6npSlr1rNP/sAafQNpbqK0</latexit><latexit sha1_base64="3FLdpK56o6EVMviAOj6NHAow6Fk=">AAACH3icbVDLTgIxFO3gC/E16tJNIzFxIxmMCbojsjFxg1GEBAjplDvQ0HmkvWPACZ/ixl9x40KNccffWB4mCp6kyek597b3HjeSQqPjjKzU0vLK6lp6PbOxubW9Y+/u3eswVhwqPJShqrlMgxQBVFCghFqkgPmuhKrbK4396gMoLcLgDgcRNH3WCYQnOEMjtezCbatEGwh9jKOECk2H9PrneuIxjqESj8y8RoVnvAb0zUyaZlp21sk5E9BFkp+RLJmh3LK/Gu2Qxz4EyCXTup53ImwmTKHgEoaZRqwhYrzHOlA3NGA+6GYyWXBIj4zSpl6ozAmQTtTfHQnztR74rqn0GXb1vDcW//PqMXrnzUQEUYwQ8OlHXiwphnScFm0LBRzlwBDGlTCzUt5lyuRiMh2HkJ9feZFUTnMXOefmLFu8nKWRJgfkkByTPCmQIrkiZVIhnDyRF/JG3q1n69X6sD6npSlr1rNP/sAafQNpbqK0</latexit><latexit sha1_base64="3FLdpK56o6EVMviAOj6NHAow6Fk=">AAACH3icbVDLTgIxFO3gC/E16tJNIzFxIxmMCbojsjFxg1GEBAjplDvQ0HmkvWPACZ/ixl9x40KNccffWB4mCp6kyek597b3HjeSQqPjjKzU0vLK6lp6PbOxubW9Y+/u3eswVhwqPJShqrlMgxQBVFCghFqkgPmuhKrbK4396gMoLcLgDgcRNH3WCYQnOEMjtezCbatEGwh9jKOECk2H9PrneuIxjqESj8y8RoVnvAb0zUyaZlp21sk5E9BFkp+RLJmh3LK/Gu2Qxz4EyCXTup53ImwmTKHgEoaZRqwhYrzHOlA3NGA+6GYyWXBIj4zSpl6ozAmQTtTfHQnztR74rqn0GXb1vDcW//PqMXrnzUQEUYwQ8OlHXiwphnScFm0LBRzlwBDGlTCzUt5lyuRiMh2HkJ9feZFUTnMXOefmLFu8nKWRJgfkkByTPCmQIrkiZVIhnDyRF/JG3q1n69X6sD6npSlr1rNP/sAafQNpbqK0</latexit>



A : ext(C) ! K, B : ext(C�
) ! K⇤

s.t.

<latexit sha1_base64="UktxZHkaFWxqZUdTKVK30a0Rhnc="></latexit><latexit sha1_base64="UktxZHkaFWxqZUdTKVK30a0Rhnc="></latexit><latexit sha1_base64="UktxZHkaFWxqZUdTKVK30a0Rhnc="></latexit>

SC(x, y) = 1� hx, yi = hA(x), B(y)i
<latexit sha1_base64="4cErm6RkTv2yyENmWEIti0wRylI=">AAACKHicbVDLSgMxFM34rPU16tJNsAgt1DIjgroo1HbjsqJjC+1QMmnahmYyQ5KRDkN/x42/4kZBpVu/xPShaOuBwOGcc7m5xwsZlcqyRsbS8srq2npqI725tb2za+7t38sgEpg4OGCBqHtIEkY5cRRVjNRDQZDvMVLz+pWxX3sgQtKA36k4JK6Pupx2KEZKSy2zdNuqZAf5OAeL0IYnsMkQ7zICtQSbYsqLP+pVdpDLw3JWx7/NlpmxCtYEcJHYM5IBM1Rb5muzHeDIJ1xhhqRs2Fao3AQJRTEjw3QzkiREuI+6pKEpRz6RbjK5dAiPtdKGnUDoxxWcqL8nEuRLGfueTvpI9eS8Nxb/8xqR6ly4CeVhpAjH00WdiEEVwHFtsE0FwYrFmiAsqP4rxD0kEFa63LQuwZ4/eZE4p4XLgnVzlimVZ22kwCE4Allgg3NQAtegChyAwSN4Bm/g3XgyXowPYzSNLhmzmQPwB8bnF+SlomA=</latexit><latexit sha1_base64="4cErm6RkTv2yyENmWEIti0wRylI=">AAACKHicbVDLSgMxFM34rPU16tJNsAgt1DIjgroo1HbjsqJjC+1QMmnahmYyQ5KRDkN/x42/4kZBpVu/xPShaOuBwOGcc7m5xwsZlcqyRsbS8srq2npqI725tb2za+7t38sgEpg4OGCBqHtIEkY5cRRVjNRDQZDvMVLz+pWxX3sgQtKA36k4JK6Pupx2KEZKSy2zdNuqZAf5OAeL0IYnsMkQ7zICtQSbYsqLP+pVdpDLw3JWx7/NlpmxCtYEcJHYM5IBM1Rb5muzHeDIJ1xhhqRs2Fao3AQJRTEjw3QzkiREuI+6pKEpRz6RbjK5dAiPtdKGnUDoxxWcqL8nEuRLGfueTvpI9eS8Nxb/8xqR6ly4CeVhpAjH00WdiEEVwHFtsE0FwYrFmiAsqP4rxD0kEFa63LQuwZ4/eZE4p4XLgnVzlimVZ22kwCE4Allgg3NQAtegChyAwSN4Bm/g3XgyXowPYzSNLhmzmQPwB8bnF+SlomA=</latexit><latexit sha1_base64="4cErm6RkTv2yyENmWEIti0wRylI=">AAACKHicbVDLSgMxFM34rPU16tJNsAgt1DIjgroo1HbjsqJjC+1QMmnahmYyQ5KRDkN/x42/4kZBpVu/xPShaOuBwOGcc7m5xwsZlcqyRsbS8srq2npqI725tb2za+7t38sgEpg4OGCBqHtIEkY5cRRVjNRDQZDvMVLz+pWxX3sgQtKA36k4JK6Pupx2KEZKSy2zdNuqZAf5OAeL0IYnsMkQ7zICtQSbYsqLP+pVdpDLw3JWx7/NlpmxCtYEcJHYM5IBM1Rb5muzHeDIJ1xhhqRs2Fao3AQJRTEjw3QzkiREuI+6pKEpRz6RbjK5dAiPtdKGnUDoxxWcqL8nEuRLGfueTvpI9eS8Nxb/8xqR6ly4CeVhpAjH00WdiEEVwHFtsE0FwYrFmiAsqP4rxD0kEFa63LQuwZ4/eZE4p4XLgnVzlimVZ22kwCE4Allgg3NQAtegChyAwSN4Bm/g3XgyXowPYzSNLhmzmQPwB8bnF+SlomA=</latexit>

SC is K-factorizable if 9
<latexit sha1_base64="3FLdpK56o6EVMviAOj6NHAow6Fk=">AAACH3icbVDLTgIxFO3gC/E16tJNIzFxIxmMCbojsjFxg1GEBAjplDvQ0HmkvWPACZ/ixl9x40KNccffWB4mCp6kyek597b3HjeSQqPjjKzU0vLK6lp6PbOxubW9Y+/u3eswVhwqPJShqrlMgxQBVFCghFqkgPmuhKrbK4396gMoLcLgDgcRNH3WCYQnOEMjtezCbatEGwh9jKOECk2H9PrneuIxjqESj8y8RoVnvAb0zUyaZlp21sk5E9BFkp+RLJmh3LK/Gu2Qxz4EyCXTup53ImwmTKHgEoaZRqwhYrzHOlA3NGA+6GYyWXBIj4zSpl6ozAmQTtTfHQnztR74rqn0GXb1vDcW//PqMXrnzUQEUYwQ8OlHXiwphnScFm0LBRzlwBDGlTCzUt5lyuRiMh2HkJ9feZFUTnMXOefmLFu8nKWRJgfkkByTPCmQIrkiZVIhnDyRF/JG3q1n69X6sD6npSlr1rNP/sAafQNpbqK0</latexit><latexit sha1_base64="3FLdpK56o6EVMviAOj6NHAow6Fk=">AAACH3icbVDLTgIxFO3gC/E16tJNIzFxIxmMCbojsjFxg1GEBAjplDvQ0HmkvWPACZ/ixl9x40KNccffWB4mCp6kyek597b3HjeSQqPjjKzU0vLK6lp6PbOxubW9Y+/u3eswVhwqPJShqrlMgxQBVFCghFqkgPmuhKrbK4396gMoLcLgDgcRNH3WCYQnOEMjtezCbatEGwh9jKOECk2H9PrneuIxjqESj8y8RoVnvAb0zUyaZlp21sk5E9BFkp+RLJmh3LK/Gu2Qxz4EyCXTup53ImwmTKHgEoaZRqwhYrzHOlA3NGA+6GYyWXBIj4zSpl6ozAmQTtTfHQnztR74rqn0GXb1vDcW//PqMXrnzUQEUYwQ8OlHXiwphnScFm0LBRzlwBDGlTCzUt5lyuRiMh2HkJ9feZFUTnMXOefmLFu8nKWRJgfkkByTPCmQIrkiZVIhnDyRF/JG3q1n69X6sD6npSlr1rNP/sAafQNpbqK0</latexit><latexit sha1_base64="3FLdpK56o6EVMviAOj6NHAow6Fk=">AAACH3icbVDLTgIxFO3gC/E16tJNIzFxIxmMCbojsjFxg1GEBAjplDvQ0HmkvWPACZ/ixl9x40KNccffWB4mCp6kyek597b3HjeSQqPjjKzU0vLK6lp6PbOxubW9Y+/u3eswVhwqPJShqrlMgxQBVFCghFqkgPmuhKrbK4396gMoLcLgDgcRNH3WCYQnOEMjtezCbatEGwh9jKOECk2H9PrneuIxjqESj8y8RoVnvAb0zUyaZlp21sk5E9BFkp+RLJmh3LK/Gu2Qxz4EyCXTup53ImwmTKHgEoaZRqwhYrzHOlA3NGA+6GYyWXBIj4zSpl6ozAmQTtTfHQnztR74rqn0GXb1vDcW//PqMXrnzUQEUYwQ8OlHXiwphnScFm0LBRzlwBDGlTCzUt5lyuRiMh2HkJ9feZFUTnMXOefmLFu8nKWRJgfkkByTPCmQIrkiZVIhnDyRF/JG3q1n69X6sD6npSlr1rNP/sAafQNpbqK0</latexit>

A(t) =

 
1 0 1� t2

0 2� t2 t(2� t2)
1� t2 t(2� t2) 1

!

<latexit sha1_base64="kvpoyseZOOmekVJozmxeMsWCKNI="></latexit>

B(s) =
1

2� s2 + s4

0

@
�
s2 � 1

�2 �s
�
s2 � 1

�
s2 � 1

�s
�
s2 � 1

�
s2 �s

s2 � 1 �s 1

1

A

<latexit sha1_base64="IEcuI5obQlySVvIBHNaHO8ICUIM="></latexit>

t
<latexit sha1_base64="pUSoFmOCqoTS/Jc2vZwNVCRp4Co=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilByT9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5pdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2NhkIzRnKiSWUaWFvJWxENWVowynZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/ADdejSY=</latexit>

s
<latexit sha1_base64="8r6dWOvdyfgmPOHEanDSQrmgcis=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3/OM+w==</latexit>

hA(t), B(s)i = sC(s, t)
<latexit sha1_base64="9E1xvpQiq1OmdC98ypF2BfaUZE4=">AAACDnicbVA9SwNBEN3zM8avU0ubxRBIIIS7KGgjxKSxjGA+IAlhb7NJluztHbtzQjjyC2z8KzYWitha2/lv3CRXaOKDgcd7M8zM80LBNTjOt7W2vrG5tZ3aSe/u7R8c2kfHDR1EirI6DUSgWh7RTHDJ6sBBsFaoGPE9wZreuDrzmw9MaR7Ie5iErOuToeQDTgkYqWdnO4LIoWD4Jgf5Aq7kdB531EK6xrpXzekC5Ht2xik6c+BV4iYkgxLUevZXpx/QyGcSqCBat10nhG5MFHAq2DTdiTQLCR2TIWsbKonPdDeevzPFWaP08SBQpiTgufp7Iia+1hPfM50+gZFe9mbif147gsFVN+YyjIBJulg0iASGAM+ywX2uGAUxMYRQxc2tmI6IIhRMgmkTgrv88ipplIruebF0d5EpV5I4UugUnaEcctElKqNbVEN1RNEjekav6M16sl6sd+tj0bpmJTMn6A+szx+pEplT</latexit>



Constructions for Spectrahedral Lifts 

C = conv(X) has Sm
+ -lift , 9 subspace V of functions on X

<latexit sha1_base64="d6jpE5iBxqmLigHsEec1CG4ssLc="></latexit>

dim(V )  m s.t. 8 l(x)  1 valid on C

<latexit sha1_base64="xD0LOVMI3nVnCjcDGTnuvLL+zjc="></latexit>

1� l(x)|X =

X
h

2
k for hk 2 V

<latexit sha1_base64="9nrOwKqIkY45ThHrZP4ooC4Dd24=">AAACH3icbVDLSsNAFJ3Ud31VXboZLEIFLUkVdSOIblxWsA9oaphMJ+3QySTM3EhL7J+48VfcuFBE3PVvnMYufJ27OZxzL/fe48eCa7DtsZWbmZ2bX1hcyi+vrK6tFzY26zpKFGU1GolINX2imeCS1YCDYM1YMRL6gjX8/uXEb9wxpXkkb2AYs3ZIupIHnBIwklc4dg5EabB37zXxGXZ1EuKe17+tYHc/K2ADSOIUB5HCI5w3Hna5xHWvULTLdgb8lzhTUkRTVL3Ch9uJaBIyCVQQrVuOHUM7JQo4FWyUdxPNYkL7pMtahkoSMt1Os/9GeNconeyGIJKAM/X7REpCrYehbzpDAj3925uI/3mtBILTdsplnACT9GtRkAgMEZ6EhTtcMQpiaAihiptbMe0RRSiYSPMmBOf3y39JvVJ2DsuV66Pi+cU0jkW0jXZQCTnoBJ2jK1RFNUTRA3pCL+jVerSerTfr/as1Z01nttAPWONPNmqgAw==</latexit>

V = span(1, x, y)
<latexit sha1_base64="hQdo2hWdWEbtT5f3cXmup4J173E=">AAACAXicbVBNS8NAEN34WetX1IvgZbEIFUpJqqAXoejFYwX7AW0om+22XbrZhN2JtIR68a948aCIV/+FN/+N2zYHbX0w8Hhvhpl5fiS4Bsf5tpaWV1bX1jMb2c2t7Z1de2+/psNYUValoQhVwyeaCS5ZFTgI1ogUI4EvWN0f3Ez8+gNTmofyHkYR8wLSk7zLKQEjte3DGr7CLWBDiKNER0SO825hWBidtu2cU3SmwIvETUkOpai07a9WJ6RxwCRQQbRuuk4EXkIUcCrYONuKNYsIHZAeaxoqScC0l0w/GOMTo3RwN1SmJOCp+nsiIYHWo8A3nQGBvp73JuJ/XjOG7qWXcBnFwCSdLerGAkOIJ3HgDleMghgZQqji5lZM+0QRCia0rAnBnX95kdRKRfesWLo7z5Wv0zgy6Agdozxy0QUqo1tUQVVE0SN6Rq/ozXqyXqx362PWumSlMwfoD6zPH/RGle0=</latexit>

X = {(±1,±1)} = {(x, y) : x2 = 1, y2 = 1}
<latexit sha1_base64="IaoXC+fSuagS0AbQMgnldYqexPY=">AAACHnicbVDLSgMxFM34rPU16tJNsAgtlDJTFUUoFN24rGAf0NSSSdM2NPMgyUiHoV/ixl9x40IRwZX+jel0Ftp6INzDOfdyc48TcCaVZX0bS8srq2vrmY3s5tb2zq65t9+QfigIrROf+6LlYEk582hdMcVpKxAUuw6nTWd0PfWbD1RI5nt3Kgpox8UDj/UZwUpLXfOsBSsQxXkUuNAuwqQU0GQmjotRAaLiJSrC8X25ov1oWtCka+askpUALhI7JTmQotY1P1HPJ6FLPUU4lrJtW4HqxFgoRjidZFEoaYDJCA9oW1MPu1R24uS8CTzWSg/2faGfp2Ci/p6IsStl5Dq608VqKOe9qfif1w5V/6ITMy8IFfXIbFE/5FD5cJoV7DFBieKRJpgIpv8KyRALTJRONKtDsOdPXiSNcsk+KZVvT3PVqzSODDgERyAPbHAOquAG1EAdEPAInsEreDOejBfj3fiYtS4Z6cwB+APj6wfKHp1V</latexit>

C = conv(X) = [�1, 1]2
<latexit sha1_base64="LGtzjfUS7qRevbz9dQO51vgNyrs=">AAACCHicbVDLSgNBEJyNrxhfqx49OBiECBp2o6AXIZiLxwjmAckaZieTOGR2dpnpDYYlRy/+ihcPinj1E7z5N04eB00saCiquunu8iPBNTjOt5VaWFxaXkmvZtbWNza37O2dqg5jRVmFhiJUdZ9oJrhkFeAgWD1SjAS+YDW/Vxr5tT5TmofyFgYR8wLSlbzDKQEjtez9Er7ETWAPEEcJDWV/mKsfGalx4h673l2hZWedvDMGnifulGTRFOWW/dVshzQOmAQqiNYN14nAS4gCTgUbZpqxZhGhPdJlDUMlCZj2kvEjQ3xolDbuhMqUBDxWf08kJNB6EPimMyBwr2e9kfif14ihc+ElXEYxMEknizqxwBDiUSq4zRWjIAaGEKq4uRXTe6IIBZNdxoTgzr48T6qFvHuaL9ycZYtX0zjSaA8doBxy0TkqomtURhVE0SN6Rq/ozXqyXqx362PSmrKmM7voD6zPHy6Ol4I=</latexit>

S3
+-lift

<latexit sha1_base64="iq2ir8Nz7Nq9TbiMnSQg93tYaKY=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkUQxJK0gi6LblxWtA9oYplMJ+3QyYOZG7GErNz4K25cKOLWb3Dn3zhps9DWAxcO59zLvfe4EWcSTPNbKywsLi2vFFdLa+sbm1v69k5LhrEgtElCHoqOiyXlLKBNYMBpJxIU+y6nbXd0mfnteyokC4NbGEfU8fEgYB4jGJTU0/dtH8OQYJ7cpHe13rEN9AHiKDnhzIO0p5fNijmBMU+snJRRjkZP/7L7IYl9GgDhWMquZUbgJFgAI5ymJTuWNMJkhAe0q2iAfSqdZPJGahwqpW94oVAVgDFRf08k2Jdy7LuqMztaznqZ+J/XjcE7dxIWRDHQgEwXeTE3IDSyTIw+E5QAHyuCiWDqVoMMscAEVHIlFYI1+/I8aVUrVq1SvT4t1y/yOIpoDx2gI2ShM1RHV6iBmoigR/SMXtGb9qS9aO/ax7S1oOUzu+gPtM8ftW2ZRw==</latexit>

1� x =
1

2
(1� x)2 8 x 2 X

<latexit sha1_base64="woGtC2hAb7w1FBfrQmsbRZMLx1w=">AAACHHicbVDLSgMxFM3UVx1fVZdugkWooGWmFnQjFN24rGAf0BlLJs20oZnMkGSkZeiHuPFX3LhQxI0Lwb8x085CW08InJxzL7n3eBGjUlnWt5FbWl5ZXcuvmxubW9s7hd29pgxjgUkDhywUbQ9JwignDUUVI+1IEBR4jLS84XXqtx6IkDTkd2ocETdAfU59ipHSUrdwZp+O4CV0fIFwYk+SygSWtHR8X4HOiT5+KBBj0EwfcAQdymG7WyhaZWsKuEjsjBRBhnq38On0QhwHhCvMkJQd24qUmyChKGZkYjqxJBHCQ9QnHU05Coh0k+lyE3iklR7Uc+jLFZyqvzsSFEg5DjxdGSA1kPNeKv7ndWLlX7gJ5VGsCMezj/yYQRXCNCnYo4JgxcaaICyonhXiAdI5KZ2nqUOw51deJM1K2a6Wq7fVYu0qiyMPDsAhKAEbnIMauAF10AAYPIJn8ArejCfjxXg3PmalOSPr2Qd/YHz9AFQinc4=</latexit>



If X algebraic, natural choice for V is all polynomial functions on X of 
degree at most d

Limitations: 

-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2

-0.4

-0.2

0.0

0.2

0.4

Heirarchies: 

piriform curve 

y

2 � x

3 + x

4 = 0
<latexit sha1_base64="8vXyWyq2Lc/uAxTC3BDXmnfBkFo=">AAAB/HicbVDLSgMxFL3js9bXaJdugkUQxDLTFnQjFN24rGAf0E5LJs20oZkHSUYchvorblwo4tYPceffmLaz0NYD93I4515yc9yIM6ks69tYWV1b39jMbeW3d3b39s2Dw6YMY0Fog4Q8FG0XS8pZQBuKKU7bkaDYdzltueObqd96oEKyMLhXSUQdHw8D5jGClZb6ZiHpldE5euxV0JnuVXSFrL5ZtErWDGiZ2BkpQoZ63/zqDkIS+zRQhGMpO7YVKSfFQjHC6STfjSWNMBnjIe1oGmCfSiedHT9BJ1oZIC8UugKFZurvjRT7Uia+qyd9rEZy0ZuK/3mdWHmXTsqCKFY0IPOHvJgjFaJpEmjABCWKJ5pgIpi+FZERFpgonVdeh2AvfnmZNMslu1Iq31WLtessjhwcwTGcgg0XUINbqEMDCCTwDK/wZjwZL8a78TEfXTGynQL8gfH5A3Tykg4=</latexit>

I = ⟨(x + 1)x(x − 1)2⟩ conv(VR(I)) = [−1, 1]



Obstructions & Lower Bounds
(polyhedral lifts)

Kaibel

) a Rm
+ -lift needs m � dlog ve

<latexit sha1_base64="57N2H5ICu+Bm62Ir0q/glSnyFDQ="></latexit>

P polytope, v vertices

<latexit sha1_base64="OsdGjPR2jXOsffaWR1/3Y6IvqOY=">AAACGHicbVDLSgMxFM34rPU16tJNsAguSp2pgi6LblxWsCp0hpJJb9tgZhImd4pl6Ge48VfcuFDEbXf+jekDfB4IHM65j9wTaSkMet6HMze/sLi0XFgprq6tb2y6W9vXRmUphwZXUqW3ETMgRQINFCjhVqfA4kjCTXR3PvZv+pAaoZIrHGgIY9ZNREdwhlZquYd1GiDcY6ZzqpUcoNJQpkMalINy/8uyI1BwMMOWW/Iq3gT0L/FnpERmqLfcUdBWPIshQS6ZMU3f0xjmbDxPwrAYZAY043esC01LExaDCfPJYUO6b5U27ajUvgTpRP3ekbPYmEEc2cqYYc/89sbif14zw85pmItEZwgJny7qZJKiouOUaFukwFEOLGE8FfavlPdYyjjaLIs2BP/3yX/JdbXiH1Wql8el2tksjgLZJXvkgPjkhNTIBamTBuHkgTyRF/LqPDrPzpvzPi2dc2Y9O+QHnNEnmaygJA==</latexit>

Goemans (2015)

O(n log n)-lift of ⇧n is optimal

<latexit sha1_base64="Br5RS+ElVwDa58AKFKjBRHIT/zI=">AAACInicbVDLSgNBEJz1GeMr6tHLYBDiwbAbBfUW9OLNCOYB2RBmJ7PJ4OzMMtMrhiXf4sVf8eJBUU+CH+PkIWhiQUNR1U13VxALbsB1P525+YXFpeXMSnZ1bX1jM7e1XTMq0ZRVqRJKNwJimOCSVYGDYI1YMxIFgtWD24uhX79j2nAlb6Afs1ZEupKHnBKwUjt3dlWQ2Beqi+WBD+wekjg9FDwErEI8wH6FtyXO/jiYG6xi4BERg3Yu7xbdEfAs8SYkjyaotHPvfkfRJGISqCDGND03hlZKNHAq2CDrJ4bFhN6SLmtaKknETCsdvTjA+1bp4FBpWxLwSP09kZLImH4U2M6IQM9Me0PxP6+ZQHjaSrmME2CSjheFicCg8DAv3OGaURB9SwjV3N6KaY9oQsGmmrUheNMvz5JaqegdFUvXx/ny+SSODNpFe6iAPHSCyugSVVAVUfSAntALenUenWfnzfkYt845k5kd9AfO1zcTlqNu</latexit>

If Q is a lift of P,  the face lattice of P 
embeds into the face lattice of Q



Famous Lower Bounds (polyhedral lifts)

Kaibel-Pashkovich-Theis (2012) example of a polytope with 
exponential gap between sizes of symmetric and non-symmetric 
polyhedral-lift

Rothvoss (2013) polyhedral lift of matching polytope of         is 
exponential in n

K2n

Fiorini et al(2015) traveling salesman polytopes need 
exponential size polyhedral lifts

                           symmetric nonnegative rank of the matching 
polytope of         is exponential in nK2n

Yannakakis (1991)



Obstructions & Lower Bounds
(spectrahedral lifts)

< length of maximal chain of faces of K
<latexit sha1_base64="deDSxi32lqw0ew6A1Iou4/STq1I="></latexit>

C has a K-lift ) length of maximal chain of faces of C
<latexit sha1_base64="qhMgufqJcHRiurzta2aeYSFTuMc="></latexit>

does not have S2
+-lift

<latexit sha1_base64="8UuCYNcscytgapGUzmxy28mYHi4=">AAACHnicbVDLSgMxFM34rPVVdekmWARBLDNV0WXRjUtFq0JbSya9Y4OZZEjuiGWYL3Hjr7hxoYjgSv/GtFbwdSBwOOdccu8JEyks+v67NzI6Nj4xWZgqTs/Mzs2XFhZPrU4NhzrXUpvzkFmQQkEdBUo4TwywOJRwFl7t9/2zazBWaHWCvQRaMbtUIhKcoZPape0mwg2mSdbRYKnSSLvsGmhOmzHDLmcyO84vqu31r9iGFBHm7VLZr/gD0L8kGJIyGeKwXXptdjRPY1DIJbO2EfgJtjJmUHAJebGZWkgYv2KX0HBUsRhsKxucl9NVp3RopI17CulA/T6RsdjaXhy6ZH9p+9vri/95jRSj3VYmVJIiKP75UZRKipr2u6IdYYCj7DnCuBFuV8q7zDCOrtGiKyH4ffJfclqtBJuV6tFWubY3rKNAlskKWSMB2SE1ckAOSZ1wckvuySN58u68B+/Ze/mMjnjDmSXyA97bB37+o1Q=</latexit>

does not have a smooth cone lift

<latexit sha1_base64="niuJb2qYyyawYtrwC9Itk+kRSWU=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbiLgpaijWUEo0JyhL29uWTJ3u6xOyeGI7/Bxr9iY6GIrZWd/8ZNTOHXg4HHezPMzIsyKSz6/odXmpmdm18oL1aWlldW16rrG5dW54ZDi2upzXXELEihoIUCJVxnBlgaSbiKBqdj/+oGjBVaXeAwgzBlPSUSwRk6qVvd6yDcYp4VsQZLlUbaZzdAGbWp1tinXCugUiQ46lZrft2fgP4lwZTUyBTNbvW9E2uep6CQS2ZtO/AzDAtmUHAJo0ont5AxPmA9aDuqWAo2LCYvjeiOU2KaaONKIZ2o3ycKllo7TCPXmTLs29/eWPzPa+eYHIWFUFmOoPjXoiSXFDUd50NjYYCjHDrCuBHuVsr7zDCOLsWKCyH4/fJfctmoB/v1xvlB7fhkGkeZbJFtsksCckiOyRlpkhbh5I48kCfy7N17j96L9/rVWvKmM5vkB7y3T3lNnfY=</latexit>

P polytope, dim(P ) = n has Sm
+ -lift ) m � n+ 1

<latexit sha1_base64="rqOVL4PuUtUz22DM+NwpHYusceI="></latexit>

further obstructions based on neighborliness, facial structure, 
algebraic properties etc 



psd-minimal polytopes 

Which n-dimensional polytopes have Sn+1
+ -lifts?

<latexit sha1_base64="poPR7O2K7ZPMW/9Rt5rAAySU9Ag="></latexit><latexit sha1_base64="poPR7O2K7ZPMW/9Rt5rAAySU9Ag="></latexit><latexit sha1_base64="poPR7O2K7ZPMW/9Rt5rAAySU9Ag="></latexit>

d = 2 :

d = 3 :

Gouveia-Robinson-T.  (2013)

d = 4 : 31 combinatorial classes  

Gouveia-Pashkovich-Robinson-T.  (2017)

STAB(G) is psd-minimal , G is perfect
<latexit sha1_base64="2A8jWBB/BxqDj9nu0rDQYXKKWbo="></latexit><latexit sha1_base64="2A8jWBB/BxqDj9nu0rDQYXKKWbo="></latexit><latexit sha1_base64="2A8jWBB/BxqDj9nu0rDQYXKKWbo="></latexit>

Theorem:



Open Questions   

• Is there a family of polytopes with a significant gap between the 
size of the smallest polyhedral and spectrahedral lifts?

• Not much is known about obstructions to lifts for general convex 
sets. 

• It is known that all convex semi algebraic sets in the plane have 
spectrahedral lifts (Scheiderer). How small? 

• Scheiderer also proved that not all convex semi algebraic sets 
have spectrahedral lifts. 
• What is the smallest example? 
•  Is there one in dim 3? 

• How does one find subspaces V of functions that guarantee 
small spectrahedral lifts? 



Thank You 


